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Optimal Auction Problem

• Maximize the seller’s expected profit (Vickrey, 1961)

Then… what is auction?

• Auction setting
• Seller values an item at 0
• 𝑛𝑛 risk-neutral, symmetric bidders
• Each bidder knows only their own value 𝑣𝑣 (sealed-bid)
• First-price: highest bidder wins and pays his value
• Second-price: highest bidder wins and pays the second-highest value

2023-04-03 Optimal Auction to General Economics 3



Optimal Auction Problem

• Maximize the seller’s expected profit (Vickrey, 1961)

Then… what is auction?

• Auction setting
• Seller values an item at 0
• 𝑛𝑛 risk-neutral, symmetric bidders
• Each bidder knows only their own value 𝑣𝑣 (sealed-bid)
• First-price: highest bidder wins and pays his value
• Second-price: highest bidder wins and pays the second-highest value

2023-04-03 Optimal Auction to General Economics 4



Optimal Auction Problem: second-price
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Is it right to announce my true value?



Optimal Auction Problem: second-price
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1𝑠𝑠𝑠𝑠 2𝑛𝑛𝑛𝑛

𝑣𝑣1 𝑣𝑣2



Optimal Auction Problem: second-price
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1𝑠𝑠𝑠𝑠 2𝑛𝑛𝑛𝑛

𝑣𝑣1 𝑣𝑣2



Optimal Auction Problem: second-price
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1𝑠𝑠𝑠𝑠 2𝑛𝑛𝑛𝑛
Underbid: not to be the high bidder although his value is the highest

𝑣𝑣1 → 𝑣𝑣1′ 𝑣𝑣2



Optimal Auction Problem: second-price
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1𝑠𝑠𝑠𝑠 2𝑛𝑛𝑛𝑛
Bid more: pay more than his value

𝑣𝑣1 → 𝑣𝑣1′ 𝑣𝑣2



Optimal Auction Problem: second-price
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1𝑠𝑠𝑠𝑠 2𝑛𝑛𝑛𝑛
Underbid: not to be the high bidder although his value is the highest

Bid more: pay more than his value

𝑣𝑣1 𝑣𝑣2  Dominant strategy of bidding his true value



Optimal Auction Problem: first-price
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Is it right to announce my true value?

Incentive to underbid:
meaningful trade-off against prob. to win & lower payment

For the rest of the section, we assume all the auctions are second-price!



Optimal Auction Problem

Extension (Myerson, 1981)
• Asymmetric bidders: probability distribution of values to be common knowledge
• All possible ways of selling the goods

ascending, descending oral auctions, all-pay auctions, and many more…

 Simplification!!

insights on revelation principle

2023-04-03 Optimal Auction to General Economics 12



Optimal Auction Problem

Direct revelation mechanism
• ensure buyers are willing to participate
• ensure buyers to announce his true valuation

 Simple constrained maximization problem
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Optimal Auction Problem

Simple constrained maximization problem
• Maximize the seller’s expected revenues
• Participation constraint: bidder receive non-negative expected surplus
• Incentive constraint: reveal their true valuations
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Construction of Optimal Auction

Maximize the seller’s expected revenue
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Construction of Optimal Auction

Maximize the seller’s expected revenue
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𝑖𝑖𝑡𝑡𝑡

𝑣𝑣𝑖𝑖

Drawn from 𝐹𝐹𝑖𝑖 with 𝐹𝐹𝑖𝑖 𝑣𝑣𝑖𝑖 = 0 and 𝐹𝐹𝑖𝑖 𝑣𝑣𝑖𝑖 = 1



Construction of Optimal Auction

Maximize the seller’s expected revenue
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𝑖𝑖𝑡𝑡𝑡

𝑣𝑣𝑖𝑖

Drawn from 𝐹𝐹𝑖𝑖 with 𝐹𝐹𝑖𝑖 𝑣𝑣𝑖𝑖 = 0 and 𝐹𝐹𝑖𝑖 𝑣𝑣𝑖𝑖 = 1

Independent distribution



Construction of Optimal Auction

Maximize the seller’s expected revenue
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𝐴𝐴 𝐵𝐵

10 10 30

  

minimum bid: 10minimum bid: 0



Construction of Optimal Auction

Maximize the seller’s expected revenue
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𝐴𝐴 𝐵𝐵

10 10 30Wins!!Loses

Expected revenue: 10Drop out at 5
in average



Construction of Optimal Auction

Maximize the seller’s expected revenue
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𝐵𝐵

10 30Wins!!

If my minimum bid is
15?

15

Expected revenue: 11.25



Construction of Optimal Auction

Maximize the seller’s expected revenue

2023-04-03 Optimal Auction to General Economics 21

𝐵𝐵

10 30Wins!!

If my minimum bid is
15?

15

Expected revenue: 11.25

How to construct a mechanism with 
maximum possible expected revenue?



Construction of Optimal Auction

• For each bidder, graph the inverse of his 𝐹𝐹𝑖𝑖 function
• Value 𝑣𝑣 on the 𝑌𝑌-axis (price)
• Prob. 𝑞𝑞 ≡ 1 − 𝐹𝐹𝑖𝑖 𝑣𝑣 on the 𝑋𝑋-axis (quiantity)

 Demand curve
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Construction of Optimal Auction
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𝑖𝑖

𝑞𝑞
0

𝑣𝑣

𝑣𝑣

1

• For each bidder, graph the inverse of his 𝐹𝐹𝑖𝑖 function
• Value 𝑣𝑣 on the 𝑌𝑌-axis (price)
• Prob. 𝑞𝑞 ≡ 1 − 𝐹𝐹𝑖𝑖 𝑣𝑣 on the 𝑋𝑋-axis (quiantity)

 Demand curve



Construction of Optimal Auction

• Demand curve
• Value 𝑣𝑣 on the 𝑌𝑌-axis (price)
• Prob. 𝑞𝑞 ≡ 1 − 𝐹𝐹𝑖𝑖 𝑣𝑣 on the 𝑋𝑋-axis (quiantity)

• Marginal revenue curve
• Multiply quantity times price
• 𝑞𝑞 = 1 − 𝐹𝐹𝑖𝑖 𝑣𝑣
• 𝑣𝑣 = 𝐹𝐹𝑖𝑖−1 1 − 𝑞𝑞

𝑀𝑀𝑅𝑅𝑖𝑖 𝑣𝑣 = 𝑣𝑣 −
1 − 𝐹𝐹𝑖𝑖 𝑣𝑣
𝑓𝑓𝑖𝑖 𝑣𝑣

∗ Recall that we assumed that marginal revenue is monotonic (downward sloping)
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Construction of Optimal Auction

• Demand curve
• Value 𝑣𝑣 on the 𝑌𝑌-axis (price)
• Prob. 𝑞𝑞 ≡ 1 − 𝐹𝐹𝑖𝑖 𝑣𝑣 on the 𝑋𝑋-axis (quiantity)

• Marginal revenue curve
• Multiply quantity times price
• 𝑞𝑞 = 1 − 𝐹𝐹𝑖𝑖 𝑣𝑣
• 𝑣𝑣 = 𝐹𝐹𝑖𝑖−1 1 − 𝑞𝑞

𝑀𝑀𝑅𝑅𝑖𝑖 𝑣𝑣 = 𝑣𝑣 −
1 − 𝐹𝐹𝑖𝑖 𝑣𝑣
𝑓𝑓𝑖𝑖 𝑣𝑣
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Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction

1) each bidder announces his value
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My value is 𝑣𝑣!!!



Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction

2) value  marginal revenue
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𝑀𝑀𝑅𝑅𝑖𝑖 𝑣𝑣



Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction

3) Bidder with the highest marginal revenue wins!
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Wins!!

lowest value the bidder can announce without losing (𝑀𝑀𝑅𝑅𝑖𝑖 𝑣𝑣 = 0)

𝑀𝑀𝑅𝑅𝑖𝑖 𝑣𝑣



Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction

3’) No bidder with a non-negative marginal revenue
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I am the seller 

Wins!!



Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction

∗ Auction with only one bidder
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I am alone…

Wins!!

Price equal to the value 𝑣𝑣1∗ of 𝑀𝑀𝑅𝑅1 𝑣𝑣1∗ = 0



Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction
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Wins!!



Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction
• Symmetric bidders: equivalent to a second-price auction
• Asymmetric bidders: not necessarily (highest price) = (highest marginal revenue)
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Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction
• Symmetric bidders: equivalent to a second-price auction
• Asymmetric bidders: not necessarily (highest price) = (highest marginal revenue)

• How should I pay?
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Construction of Optimal Auction

• Second marginal revenue auction
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Demand curve of 𝑖𝑖

Marginal revenue
curve of 𝑖𝑖



Construction of Optimal Auction

• Second marginal revenue auction
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𝑟𝑟 is the highest marginal revenue the winning bidder 𝑖𝑖’s price

Demand curve of 𝑖𝑖

Marginal revenue
curve of 𝑖𝑖



Construction of Optimal Auction

• Second marginal revenue auction
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Demand curve of 𝑖𝑖

Marginal revenue
curve of 𝑖𝑖

𝑟𝑟 is the highest marginal revenue the winning bidder 𝑖𝑖’s price



Construction of Optimal Auction

• Second marginal revenue auction
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Demand curve of 𝑖𝑖

Marginal revenue
curve of 𝑖𝑖

Let 𝑀𝑀2 be the second-highest marginal revenue
 Price 𝑃𝑃 which is 𝑀𝑀𝑅𝑅𝑖𝑖−1 𝑀𝑀2



Construction of Optimal Auction

• Second marginal revenue auction
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Demand curve of 𝑖𝑖

Marginal revenue
curve of 𝑖𝑖

Let 𝑀𝑀2 be the second-highest marginal revenue



Construction of Optimal Auction

• Second marginal revenue auction

2023-04-03 Optimal Auction to General Economics 39

Demand curve of 𝑖𝑖

Marginal revenue
curve of 𝑖𝑖

Let 𝑀𝑀2 be the second-highest marginal revenue



Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction
• Symmetric bidders: equivalent to a second-price auction
• Asymmetric bidders: not necessarily (highest price) = (highest marginal revenue)

• How should I pay?
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Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction
• Symmetric bidders: equivalent to a second-price auction
• Asymmetric bidders: not necessarily (highest price) = (highest marginal revenue)

• Pay 𝑀𝑀𝑅𝑅𝑖𝑖 𝑀𝑀2 where 𝑀𝑀2 is the second-highest marginal revenue
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Construction of Optimal Auction ∗

• Can generalize to an optimal mechanism of…
• Seller sells 𝑘𝑘 identical goods
• Each buyer wants only one unit

 𝑘𝑘 + 1 st marginal revenue auction
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Construction of Optimal Auction

• Demand curve & marginal revenue curve

• Second marginal revenue auction
• Symmetric bidders: equivalent to a second-price auction
• Asymmetric bidders: not necessarily (highest price) = (highest marginal revenue)
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Hmm… isn’t it similar to 
monopoly problem?



Price Discriminating Monopoly

• Third-degree monopoly price discrimination problem
• Monopolist who sells in 𝑛𝑛 different markets
• Monopolist of capacity of �𝑄𝑄 units (marginal cost 0 up to �𝑄𝑄 units)

�𝑄𝑄 is a random variable in 𝑄𝑄,𝑄𝑄 that takes on the value 𝑄𝑄 with probability ℎ 𝑄𝑄

• Each customer (=buyer) buys at most one unit
• Customers in market 𝑖𝑖 have values in [𝑣𝑣𝑖𝑖 , 𝑣𝑣𝑖𝑖] (values as common knowledge)

𝐹𝐹𝑖𝑖 𝑣𝑣 customers have a value ≤ 𝑣𝑣
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How much is this item?

Appropriate price…!



Price Discriminating Monopoly

• Third-degree monopoly price discrimination problem
• Monopolist who sells in 𝑛𝑛 different markets
• Monopolist of capacity of �𝑄𝑄 units (marginal cost 0 up to �𝑄𝑄 units)

�𝑄𝑄 is a random variable in 𝑄𝑄,𝑄𝑄 that takes on the value 𝑄𝑄 with probability ℎ 𝑄𝑄

• Each customer (=buyer) buys at most one unit
• Customers in market 𝑖𝑖 have values in [𝑣𝑣𝑖𝑖 , 𝑣𝑣𝑖𝑖] (values as common knowledge)

𝐹𝐹𝑖𝑖 𝑣𝑣 customers have a value ≤ 𝑣𝑣

 Maximize her expected profit by choosing price in each market
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∗ Recall that we assumed that marginal revenue is monotonic (downward sloping)



Price Discriminating Monopoly

• Third-degree monopoly price discrimination problem
• Price depends on the capacity 𝑄𝑄
• 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 ≔ prob. that a buyer in market 𝑖𝑖 with value 𝑣𝑣 acquires a unit if the 

monopolist’s capacity is 𝑄𝑄

• 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 = �1
0
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the monopolist chooses a price ≤ 𝑣𝑣
the monopolist chooses a price > 𝑣𝑣

Ohhh.. It is 
cheap..!

Would have surplus



Price Discriminating Monopoly

• Third-degree monopoly price discrimination problem
• Price depends on the capacity 𝑄𝑄
• 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 ≔ prob. that a buyer in market 𝑖𝑖 with value 𝑣𝑣 acquires a unit if the 

monopolist’s capacity is 𝑄𝑄

• 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 = �1
0
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the monopolist chooses a price ≤ 𝑣𝑣
the monopolist chooses a price > 𝑣𝑣

Ohhh.. It is too 
expensive ㅜㅜ

Would not buy



Price Discriminating Monopoly

• Third-degree monopoly price discrimination problem
• Price depends on the capacity 𝑄𝑄
• 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 ≔ prob. that a buyer in market 𝑖𝑖 with value 𝑣𝑣 acquires a unit if the 

monopolist’s capacity is 𝑄𝑄

• 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 = �1
0

• Unconditional prob. of 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄

𝑝𝑝𝑖𝑖 𝑣𝑣 ≡ �
𝑄𝑄

𝑄𝑄
𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 ℎ 𝑄𝑄 𝑑𝑑𝑑𝑑
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the monopolist chooses a price ≤ 𝑣𝑣
the monopolist chooses a price > 𝑣𝑣



Price Discriminating Monopoly

• Third-degree monopoly price discrimination problem

• The expected social value of the units sold:
(buyers’ expected consumer surplus)+(monopolist’s expected revenues)
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Price Discriminating Monopoly

• The expected social value of the units sold:
(buyers’ expected consumer surplus)+(monopolist’s expected revenues)

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

• Expected social values

�
𝑄𝑄

𝑄𝑄
ℎ 𝑄𝑄 �

𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

2023-04-03 Optimal Auction to General Economics 50



Price Discriminating Monopoly

• The expected social value of the units sold:
(buyers’ expected consumer surplus)+(monopolist’s expected revenues)

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

• Expected social values

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣 𝑑𝑑𝑑𝑑
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Price Discriminating Monopoly

• The expected social value of the units sold:
(buyers’ expected consumer surplus)+(monopolist’s expected revenues)

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)
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The value of this item is 𝑣𝑣𝑖𝑖

Zero expected consumer surplus

Buyer from 
market 𝒊𝒊



Price Discriminating Monopoly

• The expected social value of the units sold:
(buyers’ expected consumer surplus)+(monopolist’s expected revenues)

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)
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The value of this item is 𝑣𝑣𝑖𝑖

Zero expected consumer surplus

Buyer from 
market 𝒊𝒊



Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

• Monopolist demand curve: 𝑝𝑝𝑖𝑖 = 100 − 𝑞𝑞𝑖𝑖
• Capacity: uniform distribution in 0,100
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The value of this item is 80..!

Wow..! Would have a positive
expected consumer surplus

Buyer from 
market 𝒊𝒊

Monopolist

I will charge…
price 50 for 0.5 prob.
price 100𝑥𝑥 for for prob. 0.5 ≤ 𝑥𝑥 ≤ 1



Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

• Monopolist demand curve: 𝑝𝑝𝑖𝑖 = 100 − 𝑞𝑞𝑖𝑖
• Capacity: uniform distribution in 0,100
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The value of this item is 80..!

Wow..! Would have a positive
expected consumer surplus

Buyer from 
market 𝒊𝒊



Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

• Monopolist demand curve: 𝑝𝑝𝑖𝑖 = 100 − 𝑞𝑞𝑖𝑖
• Capacity: uniform distribution in 0,100
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The value of this item is 80..!

𝑝𝑝𝑖𝑖 𝑣𝑣𝑖𝑖 = 0.5
𝑝𝑝𝑖𝑖 𝑣𝑣 = 0.3 for 𝑣𝑣 uniformly distributed in 50,80

Buyer from 
market 𝒊𝒊



Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

• Total expected consumer surplus

�
𝑄𝑄

𝑄𝑄
ℎ 𝑄𝑄 �

𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 �

𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥,𝑄𝑄 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
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Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

• Total expected consumer surplus

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 �

𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
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Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

• Expected social values

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣 𝑑𝑑𝑑𝑑

• Total expected consumer surplus

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 �

𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
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Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

subject to the constraint to capacity:

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 ≤ 𝑄𝑄
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Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

𝜋𝜋 𝑄𝑄 = �
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 −�

𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 �

𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥,𝑄𝑄 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

subject to:

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 ≤ 𝑄𝑄
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Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

𝜋𝜋 𝑄𝑄 = �
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 −�

𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 �

𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥,𝑄𝑄 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

subject to:

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 ≤ 𝑄𝑄
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𝑥𝑥 ≤ 𝑣𝑣
𝑥𝑥 > 𝑣𝑣Defines 𝑧𝑧 𝑣𝑣, 𝑥𝑥 = �1
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Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

𝜋𝜋 𝑄𝑄 = �
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 −�

𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑥𝑥,𝑄𝑄 𝑧𝑧 𝑣𝑣, 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

subject to:

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 ≤ 𝑄𝑄
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𝑥𝑥 > 𝑣𝑣Defines 𝑧𝑧 𝑣𝑣, 𝑥𝑥 = �1
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Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

𝜋𝜋 𝑄𝑄 = �
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 −�

𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
1 − 𝐹𝐹𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑

subject to:

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 ≤ 𝑄𝑄
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Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

𝐸𝐸𝐸𝐸 = �
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣 −

1 − 𝐹𝐹𝑖𝑖 𝑣𝑣
𝑓𝑓𝑖𝑖 𝑣𝑣

𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑

subject to:

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 ≤ 𝑄𝑄
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Price Discriminating Monopoly

• Maximize monopolist’s expected revenue:
(expected social values) – (expected consumer’s surplus)

𝐸𝐸𝐸𝐸 = �
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑀𝑀𝑅𝑅𝑖𝑖 𝑣𝑣 𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑

subject to:

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣,𝑄𝑄 𝑑𝑑𝑑𝑑 ≤ 𝑄𝑄
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Reinterpretation

• Recall both optimal auction and monopoly problem
• No buyer/customer pay a price below 𝑣𝑣
• Payment with respect to the marginal revenue

• Assumptions in common
• No resale
• Risk neutrality
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Reinterpretation

• Target
• Maximize seller’s expected revenue
• Maximize monopolist’s expected revenue

• Basic notations
• 𝑛𝑛: number of bidders
• 𝑛𝑛: number of markets
• 𝐹𝐹𝑖𝑖 𝑣𝑣 : prob. that buyer 𝑖𝑖’s value < 𝑣𝑣
• 𝐹𝐹𝑖𝑖 𝑣𝑣 : number of buyers in market 𝑖𝑖 with value < 𝑣𝑣
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Reinterpretation

• Target
• Maximize seller’s expected revenue
• Maximize monopolist’s expected revenue

• Prob. that a buyer with value 𝑣𝑣 in market 𝑖𝑖 wins (in auction, 𝑖𝑖th bidder)
• Function of the values of all the bidders: 𝐸𝐸 𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑖𝑖−1,𝑣𝑣, 𝑣𝑣𝑖𝑖+1, … , 𝑣𝑣𝑛𝑛
• Function of his value and the quantity
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Reinterpretation

• Target
• Maximize seller’s expected revenue
• Maximize monopolist’s expected revenue

• Prob. that 𝑖𝑖th bidder with value 𝑣𝑣 wins
• 𝑝𝑝𝑖𝑖 𝑣𝑣 ≔ 𝐸𝐸 𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑖𝑖−1,𝑣𝑣, 𝑣𝑣𝑖𝑖+1, … , 𝑣𝑣𝑛𝑛
 Unconditional prob. that the bidder with distribution 𝐹𝐹𝑖𝑖 receives the good
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Reinterpretation

• Prob. that 𝑖𝑖th bidder with value 𝑣𝑣 wins
• 𝑝𝑝𝑖𝑖 𝑣𝑣 ≔ 𝐸𝐸 𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑖𝑖−1,𝑣𝑣, 𝑣𝑣𝑖𝑖+1, … , 𝑣𝑣𝑛𝑛
 Unconditional prob. that the bidder with distribution 𝐹𝐹𝑖𝑖 receives the good
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Bidder

The value of this item is 𝑣𝑣 + 𝑑𝑑𝑑𝑑

Achieve surplus: (surplus from 𝑣𝑣) + 𝑝𝑝𝑖𝑖 𝑣𝑣 𝑑𝑑𝑑𝑑

Increasing at a rate of 𝑝𝑝𝑖𝑖 𝑣𝑣



Reinterpretation

• Prob. that 𝑖𝑖th bidder with value 𝑣𝑣 wins
• 𝑝𝑝𝑖𝑖 𝑣𝑣 ≔ 𝐸𝐸 𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑖𝑖−1,𝑣𝑣, 𝑣𝑣𝑖𝑖+1, … , 𝑣𝑣𝑛𝑛
 Unconditional prob. that the bidder with distribution 𝐹𝐹𝑖𝑖 receives the good

• Define 𝑆𝑆𝑖𝑖 𝑣𝑣 as the expected surplus of the bidder 𝑖𝑖 with value 𝑣𝑣

𝜕𝜕𝑆𝑆𝑖𝑖 𝑣𝑣
𝜕𝜕𝜕𝜕

= 𝑝𝑝𝑖𝑖 𝑣𝑣 ≥ 0

2023-04-03 Optimal Auction to General Economics 72



Reinterpretation

• Prob. that 𝑖𝑖th bidder with value 𝑣𝑣 wins
• 𝑝𝑝𝑖𝑖 𝑣𝑣 ≔ 𝐸𝐸 𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑖𝑖−1,𝑣𝑣, 𝑣𝑣𝑖𝑖+1, … , 𝑣𝑣𝑛𝑛
 Unconditional prob. that the bidder with distribution 𝐹𝐹𝑖𝑖 receives the good

• Define 𝑆𝑆𝑖𝑖 𝑣𝑣 as the expected surplus of the bidder 𝑖𝑖 with value 𝑣𝑣

𝜕𝜕𝑆𝑆𝑖𝑖 𝑣𝑣
𝜕𝜕𝜕𝜕

= 𝑝𝑝𝑖𝑖 𝑣𝑣 ≥ 0
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Reinterpretation

• Prob. that 𝑖𝑖th bidder with value 𝑣𝑣 wins
• 𝑝𝑝𝑖𝑖 𝑣𝑣 ≔ 𝐸𝐸 𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑖𝑖−1,𝑣𝑣, 𝑣𝑣𝑖𝑖+1, … , 𝑣𝑣𝑛𝑛
 Unconditional prob. that the bidder with distribution 𝐹𝐹𝑖𝑖 receives the good

• Define 𝑆𝑆𝑖𝑖 𝑣𝑣 as the expected surplus of the bidder 𝑖𝑖 with value 𝑣𝑣

�
𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥 𝑑𝑑𝑑𝑑
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Reinterpretation

• Prob. that 𝑖𝑖th bidder with value 𝑣𝑣 wins
• 𝑝𝑝𝑖𝑖 𝑣𝑣 ≔ 𝐸𝐸 𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑖𝑖−1,𝑣𝑣, 𝑣𝑣𝑖𝑖+1, … , 𝑣𝑣𝑛𝑛
 Unconditional prob. that the bidder with distribution 𝐹𝐹𝑖𝑖 receives the good

• Total expected surplus of all the bidders

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 �

𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

…surprisingly, the same with the monopoly problem!!
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Reinterpretation

Maximize

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣 𝑑𝑑𝑑𝑑 −�

𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 �

𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

subject to

�
𝑖𝑖=1

𝑛𝑛

𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑛𝑛 ≤ 1
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Reinterpretation

Maximize

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣 𝑑𝑑𝑑𝑑 −�

𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 �

𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

subject to

�
𝑖𝑖=1

𝑛𝑛

𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑛𝑛 ≤ 1

2023-04-03 Optimal Auction to General Economics 77



Reinterpretation

Maximize

�
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑣𝑣𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣 𝑑𝑑𝑑𝑑 −�

𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑓𝑓𝑖𝑖 𝑣𝑣 �

𝑣𝑣𝑖𝑖

𝑣𝑣
𝑝𝑝𝑖𝑖 𝑥𝑥 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

subject to

�
𝑖𝑖=1

𝑛𝑛

𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑛𝑛 ≤ 1
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Reinterpretation

Maximize

𝐸𝐸𝐸𝐸 = �
𝑖𝑖=1

𝑛𝑛

�
𝑣𝑣𝑖𝑖

𝑣𝑣𝑖𝑖
𝑀𝑀𝑅𝑅𝑖𝑖 𝑣𝑣 𝑓𝑓𝑖𝑖 𝑣𝑣 𝑝𝑝𝑖𝑖 𝑣𝑣 𝑑𝑑𝑑𝑑 − 𝐾𝐾

subject to

�
𝑖𝑖=1

𝑛𝑛

𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑛𝑛 ≤ 1
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Reinterpretation

Maximize

𝐸𝐸𝐸𝐸 = expected MR of winning bidder − 𝐾𝐾

subject to

�
𝑖𝑖=1

𝑛𝑛

𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑛𝑛 ≤ 1
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Reinterpretation

Maximize

𝐸𝐸𝐸𝐸 = expected MR of winning bidder − 𝐾𝐾

subject to

�
𝑖𝑖=1

𝑛𝑛

𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑛𝑛 ≤ 1
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Consumer surplus



Reinterpretation

Maximize

𝐸𝐸𝐸𝐸 = expected MR of winning bidder − 0

subject to

�
𝑖𝑖=1

𝑛𝑛

𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑛𝑛 ≤ 1

 Optimal auction
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Reinterpretation

Maximize

𝐸𝐸𝐸𝐸 = expected MR of winning bidder − 0

subject to

�
𝑖𝑖=1

𝑛𝑛

𝑝𝑝𝑖𝑖 𝑣𝑣1, … , 𝑣𝑣𝑛𝑛 ≤ 1

 Optimal auction
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Reinterpretation

• Objective function of maximizing expected marginal revenue

• Optimize similarly
• Unit allocation with priority to marginal revenue
• Allocate until 1) quantity is exhausted or 2) no non-negative marginal revenue
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This is all for now!



Some remains…

What if marginal revenues are not downward sloping?
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WOW 



Some remains…

When buyers’ and the seller’s valuation are private
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Valuation… private…
I’ll not tell my 
valuation!!!

Buyer Seller



Thank you
Thank you for listening. 
Tell me if you have any questions
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