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We deal with auction with single item and n agents (bidders).
Agent i has a set of values V; for the item.

She will draw a value from V; from the distribution F; over V.
This act is done independently by each agents.

After the draw, she will determine a subsequent action according to the
strategy s; : V; — A;.
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Definition: Mechanism

A mechanism M is a pair of two function Z,p € (4; X ... x A,,) = R"
where:

e Z;(ay,...,a,) denotes the probability where i-th agent gets the
item.

e p;(ay,...,ay,) denotes the declared price of the item.

Agent i's utility is @;(a) = v;2;(a) — pi(a).
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Simply speaking, it's in the order of Values (V;), Sampling (F;), Strategy
(S:), Action (A;), Utility (u;(a)), as in the agent perspective.

We want best strategy that works anytime, but even a tiny prison with
two rooms don't have such. This is a gargantuan setting.

So we work with Bayes-Nash equilibrium: For each agents i, the
strategy is optimal within the Mechanism given other agent’'s Value,
Distribution, Actions, Strategies are fixed.

You can find the correspondence for all five items. Yes, everything except
my strategy is fixed.

Everything is probabilistic BTW, so the profit is expectation of utility
according to the distribution F1y, ..., F,.
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We defined the mechanism as a function from actions to money.

Sometimes, we can treat s as implicit ones. In such case we can take a
shortcut. Now mechanism is a function from valuation to money.

Definition: Mechanism (alternative)
A mechanism M is a pair of two function Z,p € (V3 X ... x V;,) = R"

where:
e x;(v1,...,v,) denotes the probability where i-th agent gets the
item.
e p;(v1,...,v,) denotes the declared price of the item.

Note that we don't have tildes in this case.

This is the original definition of mechanism in Lecture 2. Throughout the
lecture, we will reintroduce some of the concepts in Lecture 2 in a

generalized form. 5
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A central problem here is to see how the welfare and revenue is
maximized. Let M be the mechanism of interest.

Definition: Revenue

For a mechanism M, revenue Rev(M) is defined as E,[>, p;(v)]

Definition: Welfare

For a mechanism M, welfare Welfare(M) is defined as
B[ viwi(v)] = Rev(M) + Ey [y, ui(v)]

Question: Why are people interested in maximizing this term?
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Myerson introduced the following lemma while introducing the revenue

equivalence theorem:

Let f; be the pdf of F; and F; be the cdf of F;. Define the Virtual

value ¢(v;) = v; — %(1;) It follows that

Rev(M) = E,[), pi(v)] = Ey[>_; ¢i(vi)z:(v)]

The proof for the special case can be found in Lecture 2 notes, | think?
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Price of anarchy is a concept to assess the stability of the mechanism.

Algorists always used a measure of how bad their subject might be in the
worst case. For example, complexity and approx ratio.

Then in the late 90's, people started to apply algorithmic lenses to
analyze games. For a mechanism designer, how can they assess their
mechanism per the worst-case tradition of algorithms?

Price of anarchy is the result of this philosophy. The worst case here is
the Nash equilibrium which brings me the minimum profit.

| recommend you to visit the Wikipedia page Price of anarchy in
auctions. It looks really algorithm-ish.
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Definition: Price of anarchy for revenue

Let BNE(M, F) be the set of Nash equilibrium strategies per the
distribution F'. The Bayesian price of anarchy for revenue is defined
as maxpep, se N E(M,F) Rev(OPTr)/Rev(M), where R is the set of
regular distributions and O PTr is the Bayesian revenue-optimal
mechanism for value distribution F'.

And same thing goes for welfare.

Note that, we only consider cases where the agents can leave if they
want: All agents are given an action to finish the auction with u;(a) = 0.
So you don't have to worry about niche cases where the term is negative.

| think, the term can be unbounded, though.
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Price Of Anarchy

The paper analyzes the PoA value for several mechanisms, but today we
will focus on the simplest mechanism of single-item first-price auction
with individual monopoly reserves.

What is the individual monopoly reserves? It means the seller can impose
a certain threshold where she would not sell if the price is less than the
reserve value ;.

r; may be different per agent.

We denote this mechanism FPA,.

10
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Now we will present the main theorem.

For any Bayes-Nash equilibrium strategy,
Welfare(FPA,) + Rev(FPA,) > <Welfare(OPT,).

(&
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Price Of Anarchy

From the theorem we can obtain O(1) PoA for revenue and welfare.

For any Bayes-Nash equilibrium strategy,
Rev(OPT,)/Rev(FPA,) < 2%, and

Wel fare(OPT,)/Wel fare(FPA,) < 2%.

The proof of these facts is in the paper.
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Price Of Anarchy

Price of anarchy seems to be an interesting concept that has important
implications outside of auction!

For example, we can use it to analyze traffic flows in urban planning.

Model the road as a directed edge with a fixed capacity. If the road
exceeds the capacity, it incurs a latency proportional to the traffic flow.

Each driver possesses a mixed strategy where the set of s; — ¢; paths are
selected per certain probability.

They can be modeled as a flow, where each path incurs flow of its own
probability.

13
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Cheonggye-cheon speedway and Braess' paradox).
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Price Of Anarchy

The discrepancy between the optimal transport and the Nash equilibrium
is frequently observed, with gaps exceeding our common sense.

It is a hotly debated subject on urban planning (e.g Demolition of
Cheonggye-cheon speedway and Braess' paradox).

On the original problem, there are known bounds of PoA:

If a latency function is a linear function the PoA is at most %.

If a latency function is a polynomial of degree at most d, the PoA is at
most d+ 1.



Thank you for your attention!
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