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Complex Number

Complex number. z = a + bi where a and b are real numbers.
-a = Re(z) is the real part of z

- b = Im(2z) is the /imaginary part of z

- z* == a — bi is the conjugate of z.

- |z| = \JRe(2)? + Im(2)? = Va2 + b? is the magnitude of z.
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Complex Number

Let z be a complex numberi.e,, |z| = 1.
Thenz =cos0 + isin0,

dz ] .
— = —sin@ +
r sin@ + icos@

= icosO +i%sin6

= i(cos @ + isin )

=iz ©Z=id) o [-dz=[idd <Inz=i0+C

VA

& z = elf+C

z=1when =0

7= eiO
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Euler's Formula

el = cos@ + isind Sor all veal 9

Note. |ei9| =/cos?2 0 +sin?26 = 1.
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Qubits and Gates



Qubit

The Qubit (short for quantum bit). |P) = a|0) + £]1)  and 3 ave the (probability) amplitude
where a and B are complex numbers such that |a|? + |8]? = 1. for the state [() and [1) vespectively.

Let a:= |a| and b := |B].

Using Euler's formula, @ = a - e*®* and 8 = b - e'?2 for some ¢, , ¢, € R.
_ a _ a - eid)l
hb) - ﬁ - b . €i¢2
Multiply by the unit scalar e!® where ¢ = (¢p; — ¢)/2.

fa-e®
0 =(, )
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Qubit

6 .0 .
a = cos: and b = smzfor some 8 since a? + b% = 1.

6 i
COSi ‘e

) =

in— - ip
smz e

Turns out to be...

1
(0) € Bloch sphere <« |y) =
¢
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Unitary matrix

Unitary Matrix. The matrix U is unitary if UUT = UTU = I where U is the conjugate transpose of U.

- Ut == U*" is sometimes called Hermitian conjugate matrixor adjoint matrix.

Every quantum gate must be unitary.

Each unitary matrix is a possible quantum gate.

Ul(/D = (1 _(e)m)

0
1 1 _ei)l
U (4, ¢) = ﬁ(eicp —ei(“"’))
[ cos@/2 —e*sin /2
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One Qubit Gate

0 1 _
X =0, = (1 O) ) X |T) AP?lY only to the bindry values.

- a|0) + £|1) — B[0) + «|1) ) X 11® x)
- "bit flip" operator

Fov 9eV\eva\ states, extend \TV\eaV\\).
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One Qubit Gate

Z =0, = ((1) _01) |7)
- al0) + B|1) — a|0) + (=B)[1)

- “phase flip” operator

PorR9=(1 0)

0 ei0
- “phase shift” operator
-Z =P,
. . (1 0
_S—\/E—Pn/z—(o l)

(-1)° |2)
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One Qubit Gate

0 =i
Y =0, = (i 0 )
- al0) + Bl1) — (=ip)]0) + ia|1) = B]0) — al1)
- "bit-and-phase flip” operator
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One Qubit Gate

1 1
H=50 ~1) W 9+ o

N

- a]0) + B11) — 10y + <L 1)

H : |0) +——|0)
H :|1) 1)

T

xr
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One Qubit Gate

i6A

R,(60) =e 2 or exp (— WTA) = cos(0/2)I —isin(6/2) A
where A € {X,Y, 7}

- rotation around 4-axis

e.g.,

10X 0
R,(6) = exp (— 17) = exp (—%((1) (1))> =

1) = V/os8]0) + (Voou )™ 1)

o) 1)
Prob of |0)
‘
-\ o
B X/ Y
[+) @ o=me()o=m
0
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Multi Qubits

"Ket ¢, " or “"Ket ¢, (tensor) Ket y,"

b1 B Pra;

aiay
[Y12) = [P ® |Y,) = <a1) 0% (a2> = <a1ﬁ2> = a,a,|00) + a1 5,]01) + B a,|10) + B, 5,|11)
B1B-
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Multi-Qubit Gate

A Q B |Y1y,) = AlY1) @ Bly,)
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Multi-Qubit Gate

1 0 0 O
Controlled-X (when control bit is q[0]). CX = (8 (1) 8 (1)>
0O 0 1 O
1 0 0 0
1/v2
Controlled-H (when control bit is g[1]). 8 1/8/5 10 /8/—
0 1/4/2 0 —-1/V2
1 0 0 O
({0 0 1 O
Swap.SWAP—<O 1 0 O)
0O 0 0 1
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Multi-Qubit Gate

1 0 0 O
Controlled-X (when control bit is q[0]). CX = (8 (1) 8 (1)>
0O 0 1 O
1 0 0 0
1/v2
Controlled-H (when control bit is g[1]). 8 1/8/5 10 /8/—
0 1/4/2 0 —-1/V2
1 0 0 O
({0 0 1 O
Swap.SWAP—<O 1 0 O)
0O 0 0 1
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Multi-Qubit Gate

(HR®H® - Q H)|[yp)" = HO )"
= H®"(qy|0)™ + aqy|1)™ + -+ + ayn_q|27 — 1)7)

n2"-1
1
HO" x)" = <ﬁ> PNGERE
y=0

where © is the mod-2 dot product, i.e.,
XOY =Xp-1Yn-1 D xpn—2Yn—2 D - D xp¥o
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Useful References

Michael Locef. A Course in Quantum Computing.

Geometric Analytic

https://lapastillaroja.net/wp-content/uploads/2016/09/Intro_to_QC_Vol_1_Loceff.pdf

3Blue1Brown. How (and why) to raise e to the power of a matrix.

https://youtu.be/O850WBJ2ayo?si=bNf0Jq-G-zoOHc2X

Qiskit. Summary of Quantum Operations.

https://qiskit.org/documentation/tutorials/circuits/3_summary_of_quantum_operations.html

javafxpert. Grokking the Bloch Sphere.

https://javafxpert.github.io/grok-bloch/ | /‘\‘»/ v
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Quantum Oracle



Quantum Oracle

Given f:{0,1}" — {0,1}" (or f: Zyn — Z,m), the oracle Uy is the following:

Us
) )™ —— ) f(x) D y)™

where bit-wise mod-2 sum operator, i.e., |[f(x) @ y)™ = |f (XD m-1 DB Vim-1) - |f (X))o D yo).
E.g., 101 11) =|10)

Ur is unitary and thus it is a valid quantum gate.
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Bernstein-Vazirani



Bernstein-Vazirani Problem

Given an unknown unary function f:{0,1}"* - {0,1}
that are known to be an n (binary) digit constant a

such that f(x) = a © x for all x € {0,1}",

find a in one query of Uy.

With less than n queries, it is forced to guess at least one coordinate of a.

-> wrong with prob. at least 0.5

Classically, need linear queries.
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Bernstein-Vazirani Problem

Given an unknown unary function f:{0,1}"* - {0,1}
that are known to be an n (binary) digit constant a
such that f(x) = a © x for all x € {0,1}",

find a in one query of Uy.

0)" —+ H®" — — HEn

1) H — (ignore)
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n2"-1

1
H®M|x)" = <\/—§> Z (—1)*O¥|y)"

Analysis
1 n2"-1 1 n2"—1
Qninyn — [ _1\00 n_—|___ n
H®™|0) <ﬁ> Z( 1)007]y) (ﬁ> Zm
y=0 y=0
10y —11)
H|1) = 7
F=—=——==—=-=--- |
| o |
| |0> +H®n |/’ 4 H@m’ 7 /74
l LU
1 [1) H — (ignore)
| |
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Analysis

1\ 10y [1)
Uf((ﬁ) ;,'” ® 7 )

n I
0)" — 1" He"

|
I//
|
|
— (ignore)
|
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Analysis

<< >nzz—|>n |>—|1>> (1>n2nZ”f(' - |>—|1>>

n I
0)" — 1" He"

1) H

|
v
|
|
— (ignore)
|
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Analysis

<< )Z' " |>—|1>> (1)2 Uf(l " & |>—|1>> (1) z' " |f(J’))?/§|—uf(y))

. |
0)" ——{Ho Hom A

1) H

|
v
|
|
— (ignore)
|

n o FON=12f))
L A
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Analysis

<< )Z' " |>—|1>> (1)2 Uf(l " & |>—|1>> (1) z' " |f(J’))?/§|—uf(y))

0)" —+ H®" v— He" —F— A
I |
| Ui |
1) H— — (ignore)
| I
fl )n®|0>—|1> ) =0
NV AC) R T2 N I N Y
)" & = '
----------- e L O
|7 V2
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Analysis

<< )Z' " |>—|1>> (1)2 Uf(l " & |>—|1>> (1) z' " |f(J’))?/§|—uf(y))

n |
‘O> —— H@n [’ H(Xm / /74

1) H

|
v
|
|
— (ignore)
|

10) —|1)
V2

)" ® f ) = [=f ()
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Analysis

<< )Z' " |>—|1>> (1)2 Uf(l " & |>—|1>> (1) z' " |f(J’))?/§|—uf(y))

n |
‘O> —— H@n [’ H(Xm / /74

1) H

|
v
|
|
— (ignore)
|

|0) — |1)
V2

)" ® f ) = [=f ()

— (_1)a®y|y>n R
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Analysis

n2m"-1
1
He™ (—) (=D |y)"

.,_\_—

L/
/

Uf L____I

1) H — (ignore)

2
S
T
®
S
T
®
=

10) —11)
V2

lf ) = [=f ()
V2

V)" ® = (-1 |y)" ®
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Analysis

HE" )" = (

V2

n2"-1

5] D oy

z=0

(&

n2m"-1
> (=D | = (
y=0

n2"-1

%) > HO (150 )

y=0

_—_—1

0)" —

T
X
S

1)
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Analysis

n2"-1

1
HEy)" = <ﬁ> > (1|

z=0

(&

n2"-1

n2m"-1 "
;) (—1)a@y|y>n> - (ﬁ) > HE (-1 |y)) =

y=0

21 21

a Y (1)a0Y Y (1)
y=0 z=0

_—_—1

0)" —

T
X
S
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Analysis

neryy =

V2

n2"-1

: > PG

z=0

[

n2m"-1

2n—12n—1

n2m"-1
yz; (—1)a®y|)’)n> = (\%) z y®n ((—1)a®y|y>n) _ 2_1n z 2 (—1)809 (_1)yOz|yn

y=0

e |

0)" —+—

un
X
=
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z=0 y:O

Up | bmm e
1) H — (ignore)

L/
w7

G(2)



n2"-1

1
HEy)" = <ﬁ> > (1|
z=0

Analysis
1 n2m"-1 1 n2"-1 1 2n—12"-1
H®™ (ﬁ) ;)(—1)“@y|y>n = (ﬁ) ; HE™ (-1 |y)") = — ZO ;<—1)a®y<—1)y@ﬂz>n

G(z)

Consider when z = a.
2n—1

G(@) = ) (~1)%0¥(~1)70¢
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Analysis
1\" 2"—1 1\" 2n—1 1 2n—12"-1
HO (ﬁ) ; (~D* |y | = (ﬁ) ; HE™ (-1 |y)") = — ZO ;) (—1)30Y (~1)¥07|z)"
G(z)
Consider when z = a.
2n—1 21—
G(a) = (—1)eOY(-1)Y00 = 1=2"

which means that the amplitude of |a) is 1.
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Analysis

Observe a with probability 1.
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Grover's Algorithm



Problem

Given a function f(x):{0,1}"* — {0,1}, find an n-bit target string x* such that f(x*) =1

(where #targets is known).

Let N = 2™,

Requires O(N) function calls in the classical model.

Grover's Algorithm. Requires ©(vN) calls to the quantum oracle.
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Grover operator G

Defn (Uniform superposition state).

D
=

) = )"

5~

Defn (Grover operator).

G = (Y)Yl —Iy) ® I,)Uy

2| )| — Iy on an arbitrary state )" = }; a; )"

Ao + -4 aAn-1

@Yl - ey =) (z .

i
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Grover's Algorithm

Step 1. Perform state initialization
- (n qubits) 100 --- 0) — [Y)

10)—|1)
V2

- (ancillary qubit) |0) —

Step 2. Apply Grover operator [@l times

Step 3. Perform measurement on all qubit (except the ancillary qubit)
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Grover's Algorithm

Step 1. Initialization

|0)+[1)
do 10) H 7 —
|0)+[1)
q1 |0) H 5
Gnz 10) —{H R )
o o) (] o
. Tx gL o=
ancilla [0) 4 X o
10) — |1)
V) @ ———
V5
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Grover's Algorithm

Step 2. Apply G = (QlY)Xy| —Iy) ® I,) Uy

x)"|q) = Ix"f(x) D q)

1 . 10) — 1)
Uy \/—N(|oo---00)+|oo---01)+---+|x)+---+|11---11))® 5

10) —11)

= i(|00 +00) + 00+ 01) 4 -+ 4 (—=1)[x*) + -+ |11+ 11)) ® 7

VN
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Grover's Algorithm

Step 2. Apply G = (V)| — Iy) @ 1)Uy

2
@Y~ I = ) (ﬁ (g + -+ ay-1) = ai> Bk

i

1

\/N(lOO «+00) +[00---01) + -+ (—1D)[x") + -+ |11 - 11)))

Xyl = Iy) (

== (2100 00y 4 - 4 21
YN\ N N

N —4
[x7) + o+ ——11-11)

amplified
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Grover's Algorithm

Step 2. Apply G = (lpXyl — Iy) ® I,)Ur again 1x)*q) — X" f(x) D q)

1 N—400 00 3N -4 N—411 11 |0)—|1)>
Uf(W( m | )_|_..._|_ m |X)_|_...+T| )>® \/E

4
100 --00) + -+ (—1)

3N —4 N-4 1) 10) —[1)
N |X>_|_..._|_T| X \/i

flipped
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Grover's Algorithm

Step 2. Apply G = ((2 —Iy) ® I,)U; agai 2
ep PPly (( Y)Wl N) 2) r again (2|1/J><1/J| _ [N)|¢)n = Z (N (ao + - +ay_q) — al-) |i)™

i

Y] — 1) (= (=100 00) + - + (=1) —Z |y o oo 4 2211 0 11)
1 N2—12N+16|00 00) + +5N2—20N+16| - +N2—12N+16|11 1)
YN N2 N2 : N2

more amplified
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Grover's Algorithm

Step 2. Apply G fixed amount

1
(informally) \/—N(elOO - 00) + - + (\/N — e')lx*) + -+ €11 --- 11))

amplified a lot

for some small ¢, €’.
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Grover's Algorithm

Step 3. Measurement

1
(informally) \/—N(ElOO - 00) + - + (\/N — e')lx*) + -+ €11 --- 11))

Obtain |x*) with probability close to 1.
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Geometric Analysis

Why applying Grover operator (exactly) [%ﬂ times?

1

Let |w) = == (ZlD)" = x))

")

Note. |w) and |x*) are orthonormal.

Note. After the step 1, the state is

1
—(]00---00) + |00 ---01) + |00 ---10) + -+ + |11 --- 1))
VN

VN -1 1
= lw) + —=1x%)

VN VN

= cos 8 |w) + sin 6 |x™)
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Geometric Analysis

What happens we apply Us?

cos 8 |w) + sin @ |x*) — cos O |w) — sin 6 |x*)

Applying Uy =Reflection about |w)

Presented by Changyeol Lee
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Geometric Analysis

) X7

What happens we apply Q)| —Iy)?

Any state |¢) of this plane can be decomposed into

[9) = alp) + Blp+)

Then,
ClYyXyl — Iy)|P)

= 2[Y)Wl(aly) + BlY) — (aly) + Bl
= 2a| )W)l + 2810) W[ — (alyp) + Blp)
= 2a|y) — (alp) + Bly*)

= alyp) - Bly)

Applying (2|yY)y| — Iy) = Reflection about |y)
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Geometric Analysis

After first iteration,
cos 6 |w) + sin @ |x*) — cos 36 |w) + sin 30 |x*)

After each iteration,

cos 560 |w) + sin 56 |x*)
cos 760 |w) + sin 76 |x*)

After applying k times,
cos(8 + 2k0) |w) + sin(8 + 2k6) |x*)

Presented by Changyeol Lee



Geometric Analysis

Recall T Ia)) + = Ix Y = cos @ |w) + sin O |x*).

N—1
- 0 = arccos [—
N

Find k such that g ~ (2k + 1) arccos /%

T 1
koptimal — Z\/N - E - 0(\/ 1/N)
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Quantum Fourier Transform



DFT

DFT:Cc2" - 2"

-

where N = 2" and oV = 1.
Note. DFT is unitary.

1 1 1
w C()z (,()N_l
B o W2(N-1)
oN-1  2(N-1) o(N=1)(N-1)

1 N-1
DTT(C)x = \/_ﬁ Z a)xycy
y=0
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QFT

QFT:H ) = Hyy or (n-qubit) - (n-qubit)

Let [)" = E3Zo cxl)™
N

1 N-1
clX)™ | = ) DFT(€)x|x)"

x=0

QFT (IY)") = QTT<
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QFT

QFT:H ) = Hyy or (n-qubit) - (n-qubit)

Let [)" = E3Zo cxl)™

N-1 N-1 1 N—-1N-1
ny — n | — n_—____ Xy n
QFT(IY)") = QFT (; Cx|x) ) ;DTT(CMX) W; JZ;) W™y |x)

{HHP(Z) P(Z) P(Z) P({)
Iy P(%) P(%) P(T)
S P(Z) P(Z)
G G P(%)
) D G S|
whenn =75
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Period / Frequency

Suppose f is periodic with period r (or frequency M/r).

Then £ (the Fourier transform of f) is periodic with period M /r (or frequency r).

f(x)

r 2r e M —r M

-
Ll [

M oM - M
T
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Shor's Periodicity Problem



Periodic injective

A function f:Zy — S where S c Zy, is called periodic injective

if there exists an integer a € Z,, (called period)
such that for all x # y, we have f(x) = f(y) © y = x + ka for some integer k.

3  J { J
3 ® o ( J
2 @ @ ( J ( J
2 { { J { J
1 ® ® ® 1 ® ° ° °
0 @ 0 @ @
1 2 3 4 5 6 7 8 9 10 11 12 1 2 3 4 5 6 7 8 9 10 11 12 13
periodic injective periodic but not injective
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Problem

Let f:Zy — Z be periodic injective. Find a. (Assume a < M/2.)

Let n be an integer such that 2"~ < M? < 2™,

WLOG, assume that range of f is a subset of Z,r for some r

Let f:Z,n — Z,r be periodic injective. Find a.

0)" —— H®" QFTWM) ——-A
Uy ’
(actual)
0)" A
\"_"v"'_"’
(conceptual)
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Analysis

nioyn — [ — _1\00 n_|_— n
HE™|0) (ﬁ) D, D) <ﬁ) W
y=0 y=0
10)" 1 | gen : OFTWM) A
I ——
Uy
(actual)
0)" A
\—\’—i’
(conceptual)
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Analysis

/{3

n2"-1

n2m"-1 n2m"-1
1 1
;)m ®|o>>—(ﬁ) ;Uf(m ®|o>>—<ﬁ) ;m ® IF )

0)" —

He"

0)

1= = =1

| — QFT™)

| I

| 1A

———— N’
(conceptual)
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Analysis

Let m = [N/a]. Let k be anintegers.t. N —1 =am + k.

10)" & [f(0)) +D)" Q@ [f (1) F o tla-1D"Q|f(a—1)" +
la)" & |f(0))" +la+ 1" QI () F o +12a-1)"Q |f(a—1))" +

((m = Da)" ® [f(0))" +[(m = Da+1)* @ |f ()" + - +lm—-Da-1D)"Q|f(a—-1)" +
Ima)" & |f(0))" +|ma+1)" ® |f (1)) + -+ [ma + k)" Q |f (k)"

2n—1 a—-1 m—1
DRI =) <1ysk|y +ma)y + ) |y + ia>n> ® IF )Y
y=0 y=0 i=0
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Analysis

/{3

n2m"-1

n2"-1 n2"-1
1 1
Iy ®10)" | = (—) Ur(Iy)" ® [0)7) = <—) "I

na-1 m-1
1
<\/—§> z <1ysk|y + ma)™ + z ly + ia)") & [fO)"
y=0 =0
|1 = =1
0)" — H®" [ — QFT™ —1A
| I ——
(actual)
|0)" : : A
-— s == - e et
(conceptual)
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Analysis

n a—1

(7 2

y=0

|f(y))" collapses to some y, with probability m/N or (m+ 1)/N.

0)" —

He"

Uy

0)

QFT™

m-1
<1ysk|y + ma)™ + z ly + ia)") R If )
i=0

1~ 1
, |

A

N |

(conceptual)
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Analysis

m'-1
1 -
= ZO [y + ia)
1T 7 |
0)" ——{ H e HQFTM A
Uf e e e e ———
(actual)
0)" A
N, e’
(conceptual)
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Analysis

m'-1
1 .
QTT (W ; |y0 + lCl) )

0)" —

He"

(actual)

0)

(conceptual)
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Analysis

m'-1 m'-1
1 n
QTT(W ; |y0 +la> ) _W ; Q:FleO +la>
1T 7 |
0)" ——{ H e HQFTM A
Uf e e e e ———
(actual)
0)" A
N, e’
(conceptual)
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Analysis

QTT( z lvo + w)") = \/__ z QFT |y + ia)™

N—-
QTleO n ia)n — z (Yo+ia)x |x>n — \/__ z wYoX ylax |x>n

0)" ——{ H e L QFT™
Up | == ===
0)7 -

(conceptual)
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Analysis

QFT |yo + ia)" =

||I_\42

0)"

0)

m -1
1 1
= FT|yo + ia)" =
) e ; QFT |y, + ia) —
N_
\/__z WYX ylax | )1
1T =T |
—H®" HoFT™
U| === ==
A
\q—.v,.—-’
(conceptual)

Presented by Changyeol Lee

(actual)



Analysis

m -1 m -1 N-1
1 1
n|___ n — Yox
; lyo + ia) ) Nemy ; QFT |y + ia) N L w (
"
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QFT
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Analysis

1 m'-1 1 m'-1 1 N-1 m'-1
OFT [ —= Y Iyo+ia)" | =—= ) QFTly, +ia)" = o[ " wier |
m i=0 4 m’ i=0 4 m'N x=0 =0
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Analysis

1 m -1 1 m -1 1 N-1
OFT [ —= Y Iyo+ia)" | =—= ) QFTly, +ia)" =
m’ =0 . m’ =0 7 m'N x=0

Claim. “Some” x's are highly likely to be measured!

Consider xq, x4, -, x,_1 Where x.a € [cN =2, cN +=)forallc=0,---,a — 1.
0 1 a—1 Cc 2 2

(Note. x.a < aN and thus any x. is a candidate of the measurement.)

eqg.,ifN=32,a=3,x,=0,x; =11,x, =21
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1 m'—1 1 m'—1 1 N-1 m'-1
QFT | —= z lyo +ia)™ | = —— z QFT |yo + ia)" = , wYo* Z W' | |x)"
VI 30 L m'N 7= i=0
Claim. Some x's are “highly likely" to be measured!
— m'-1 2
Pr(x is measured) = z Z w'®|  (since |w| = 1)
i=0 i=0

Let u == w®*

where 6, is the angle of w**
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1 m —1 1 m -1 1
FT|—= Y o +ia" |=—= ) QFTly, +ia)" =
Q — £, Yo — £, Yo N
Claim. Some x's are “highly likely" to be measured!
1 eiexm’ -1
Pr(x is measured) = eyl R

] . 0
-2 <le® —1]=2[sin?| < |0
T 2
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Analysis

1 m -1 1 m -1 1
FT|—= Y o +ia" |=—= ) QFTly, +ia)" =
Q W - Yo W - Q Yo '

Claim. Some x's are “highly likely" to be measured!

Pr(some x. is measured) > 0.405
assuming a K M.
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Analysis

1 m'—1 1 m’'—1 1 N-1 m’'—1
OFT [ —= Y Iyo+ia)" | =—= ) QFTly, +ia)" = o[ " wier |
m i=0 4 m’ i=0 4 m'N x=0 =0

One of xg, Xy, , Xq4_1 Where cN —% < x.a <cN+ % is highly likely to be measured.

Claim. x./N is uniquely close to c/a.

N a< <N+a a< N<a 1<xc c<1 Zxc c<1
- —= - & ——= — - & ——<——<— & 2|—=——<=
N moy=stas ity g = XA T NS5 IN=N a 2N N al SN
X, C 1 1 c+1 ¢
2| ———|<— (M2<N d — < ——| (M2<N
N a| MZ( < N) an M2~ | a a ( =N)

Therefore, x./N is uniquely close to c/a.
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Analysis

1 m'—1 1 m’'—1 1 N-1 m’'—1
OFT [ —= Y Iyo+ia)" | =—= ) QFTly, +ia)" = o[ " wier |
m i=0 4 m’ i=0 4 m'N x=0 =0

One of xg, Xy, , Xq4_1 Where cN —% < x.a <cN+ % is highly likely to be measured.

x./N is uniquely close to c/a.

How to compute c/a from x.7? j & . e
- By continued fraction algorithm (CFA). ’

- Starting from close point ny/d,, compute {n,/d;}
- Can be done in 0(log> N)

]
-
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!

1 m’'—1 1 m'-1 1 N-1 m'-1
FT —Z| +ia)n | = z FTlyo + ia)" = wa z wiax | [x)n
° vm' i=0 4 ym' i=0 ° 4 Vm'N x=0 =0

One of xg, Xy, , Xq4_1 Where cN —% < x.a <cN+ % is highly likely to be measured.

x./N is uniquely close to c/a.
Find n/d which is equal to c/a by CFA.

So... what is the value ofa ?
No guarantee that ¢ corresponding to y, is coprime to a.

Therefore, not necessarilyn =cand d = a.

Claim. One of xg, x4, **+, x4_1 Whose index is coprime to a is highly likely to be measured!
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Analysis

1 m'—1 1 m’'—1 1 N-1 m’'—1
OFT [ —= Y Iyo+ia)" | =—= ) QFTly, +ia)" = o[ " wier |
m i=0 4 m’ i=0 4 m'N x=0 =0

One of xg, Xy, , Xq4_1 Where cN —% < x.a <cN+ % is highly likely to be measured.

x./N is uniquely close to c/a.
Find n/d which is equal to c/a by CFA.

Claim 1. Pr(x, measured) = Pr(x,., measured).
Claim 2. Pr(c coprime to a) = {(2) > 0.6 where c~Uni[0,a — 1].
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Analysis

1 m’'—1 1 m'-1 1 N-1 m'-1
FT —Z| +ia)n | = z FTlyo + ia)" = zww z wiax | [x)n
° vm' i=0 4 ym' i=0 ° 4 Vm'N x=0 =0

One of xq, x4, **,x,_1 Where cN —% < x.a<cN +% and c is coprime to a is highly likely to be measured.

x./N is uniquely close to c/a.
Find n/d which is equal to c/a by CFA.
d is the period!
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