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Introduction

We will see...

1. The definition of 2-way quantum FA (2QFA).

2. 2QFAs are strictly more powerful than 2-way probabilistic FAs,
under bounded error and polynomial time constraints.

3. 1QFAs are strictly less powerful than DFAs.
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Deterministic Finite State Automata

Definition (DFA)

A deterministic finite state automaton (DFA) is a
5-tuple (Q,Σ, δ, q0,F ), where

1. Q is a finite set of states;

2. Σ is a finite input alphabet;

3. δ : Q × Σ → Q is a transition function;

4. q0 ∈ Q is the initial state; and

5. F ⊆ Q is a set of (final) accepting states.
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2-Way Deterministic Finite State Automata
Definition

Definition (2DFA)

A 2-way deterministic finite state automaton (2DFA) is a
6-tuple (Q,Σ, δ, q0,Qacc,Qrej), where

1. δ : Q × Γ → Q × {−1, 0, 1} is a transition function; and

2. Qacc ⊆ Q and Qrej ⊆ Q are the sets of accepting states and
rejecting states, respectively.
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2-Way Deterministic Finite State Automata
Details

Details:

1. Qnon := Q \ (Qacc ∪ Qrej);

2. q0 ∈ Qnon;

3. Qacc ∩ Qrej = ∅;
4. ¢ /∈ Σ and $ /∈ Σ are the start of string and end of string

symbols, respectively; and

5. The tape alphabet Γ := Σ ∪ {¢, $}.
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2-Way Deterministic Finite State Automata
Tapes

A tape is a mapping x : Zn → Γ, where n =: |x | is the length of
the tape. (At this point, we assume a circular tape.)

For a string w = w1 · · ·w|w | ∈ Σ∗, we define the tape xw of w as

1. xw (0) := ¢,
2. xw (i) := wi for 1 ≤ i ≤ |w |, and
3. xw (|w |+ 1) := $.
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2-Way Deterministic Finite State Automata
Language of 2DFA

Fix a 2DFA M := (Q,Σ, δ, q0,Qacc,Qrej) and a tape x with
length n. Cn := Q × Zn is the set of configurations of M.

The time-evolution operator Ux
δ : Cn → Cn of M on tape x is

defined as:
Ux
δ (q, k) := (p, k + d),

where δ(q, x(k)) =: (p, d) ∈ Q × {−1, 0, 1}.

For each time step t, let (qt , ) := (Ux
δ )

t(q0, 0).
If qt ∈ Qacc, then M accepts a string w at a time step t.
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2-Way Probabilistic Finite State Automata
Definition

Definition (2PFA)

A 2-way probabilistic finite state automaton (2PFA) is a
6-tuple (Q,Σ, δ, q0,Qacc,Qrej), where

δ : (Q × Γ)× (Q × {−1, 0, 1}) → R.

A distribution of M on x is a probabilistic distribution D : Cn → R.
1. For each c ∈ Cn, [[c]] is denotes the distribution c 7→ 1.

2. We can denote a distribution D by
∑

c∈Cn
pc · [[c]],

where pc := D(c).
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2-Way Probabilistic Finite State Automata
Operator

δ : (Q × Γ)× (Q × {−1, 0, 1}) → R

The operator Ux
δ : D 7→ Ux

δD is defined as:

Ux
δ [[q, k]] :=

∑
q′,d

δ(q, x(k), q′, d) · [[q′, k + d ]],

and is extended to all distributions of M on x by linearity.

q1 q2a/R, 0.6
Note
δ is restricted to Ux

δ be valid. What should the restriction be?
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Known Results

Known results:

1. DFA and 2DFA have the same power of expression (regular).

2. Under constant error bound and exponential expected time
constraints, 2PFA can express the non-regular
language {anbn | n > 0}.

3. Under constant error bound and polynomial expected time
constraints, 2PFA cannot express non-regular languages.

Theorem (Dwork89)

For any 2PFA recognizing a non-regular language with a constant
error bound, the 2PFA must take exponential expected time with
respect to the length of the input.
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Definition of 2-Way Quantum Finite State Automata

Definition (2QFA)

A 2-way quantum finite state automaton (2QFA) is a
6-tuple (Q,Σ, δ, q0,Qacc,Qrej), where

δ : Q × Γ× Q × {−1, 0, 1} → C.

A superposition of M on x is a |Cn|-dimensional quantum state.

1. Hn denotes the set of all superpositions.

2. For each c ∈ Cn, |c⟩ denotes the unit vector with value 1 at c .

3. For |ψ⟩ =
∑

c∈Cn
αc |c⟩, αc ∈ C is the amplitude of c in |ψ⟩.
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Transitions of 2QFA

δ : (Q × Γ)× (Q × {−1, 0, 1}) → C.

For a tape x , the time-evolution operator Ux
δ : Hn → Hn of M on

tape x is defined as:

Ux
δ |q, k⟩ :=

∑
δ(q, x(k), q′, d) · |q′, k + d⟩,

and is extended to all |ψ⟩ ∈ Hn by linearity.

Note
▶ δ is restricted to Ux

δ be valid, that is, Ux
δ must be unitary.

▶ The configuration of M is in “superposition”, we must
“carefully observe” whether the configuration is accepting.
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Observables

An observable O is a decomposition {E1, . . . ,Ek} of the Hilbert
space Hn into subspaces, where

▶ Hn = E1 ⊕ E2 · · · ⊕ Ek ; and

▶ Ej are pairwise orthogonal.

Consider that we observe |ψ⟩ ∈ Hn with an
observable O = {E1, . . . ,Ek}.
Let |ψj⟩ be the projection of |ψ⟩ onto Ej .
Then, after the observation,

1. We observe each outcome j with probability ∥|ψj⟩∥2.
2. The machine “collapse” to 1

∥|ψj ⟩∥ |ψj⟩.

Note
It is similar to conditional probabilities.
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Observables (Examples)

Let |ψ⟩ = 1
2 |00⟩+

1
2 |01⟩+

1
2 |10⟩+

1
2 |11⟩.

1. Using observable {⟨|00⟩⟩, ⟨|10⟩⟩, ⟨|01⟩⟩, ⟨|11⟩⟩}, with the same
probability 0.25,
▶ |ψ⟩ collapses to |00⟩, |10⟩, |01⟩, or |11⟩.

2. Using observable {⟨|00⟩, |10⟩⟩, ⟨|01⟩, |11⟩⟩}, with the same
probability 0.5,

▶ |ψ⟩ collapses to
√
2
2 (|00⟩+ |10⟩); or

▶ |ψ⟩ collapses to
√
2
2 (|01⟩+ |11⟩).
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Observable of 2QFA

For a 2QFA M and an input x ,
we use an observable O := {Eacc,Erej,Enon}, where
▶ Eacc := ⟨Cacc⟩, Cacc := Qacc × Zn

(Cacc is the set of all accepting configurations);

▶ Erej := ⟨Crej⟩, Crej := Qrej × Zn; and

▶ Enon := ⟨Cnon⟩, Cnon := Qnon × Zn.

|ψ⟩

Eacc

Erej
Enon

|ψ ′⟩

Observation

15 / 47



Expressiveness of 2QFAs

We will show that the 2QFA is more powerful than 2PFA by the
following theorem.

Theorem (Kondacs97, Proposition 2)

For any error bound ϵ > 0, there is a 2QFA M which recognizes
{ambm | m ≥ 1} with the one-sided error bound ϵ, in linear time
with respect to the length of the input.
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2QFA MN for {ambm | m ≥ 1}
Definition
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The 2QFA MN
Overview 1

¢, a/R

b/L

· · · · · ·

· · · · · ·

· · · · · ·
...

· · ·

. . .

...

...
...

...
...

· · ·

· · ·

...

...
· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

...

...

...

...

a/R

b/R

a/S

$/L, 1/√N

QFT

¢/S

¢/S
$/S

j = 1
23

N01k = N · · ·

...

...

...

· · ·
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The 2QFA MN
Overview 2

· · · · · ·
a, b/La, b/S

a/S

b/S

b/S b/S
j-th row

01jj + 1N − j + 1 · · · · · ·

QFT

¢/S
: state rj,0
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The 2QFA MN
Phase 1

¢, a/R

b/L a/R

b/R

a/S

$/L, 1/√N

¢/S
$/S

▶ First, if the input is not in {anbm | n,m > 0}, then rejects.

¢ a $a · · · a b b b· · ·

head

n m

▶ At the start of the next phase, the head is as above.
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The 2QFA MN
Phase 2 (1)

· · · · · ·

· · · · · ·

· · · · · ·
...

· · ·

. . .

...

...
...

...
...

· · ·

· · ·

...

...
· · ·

· · ·

· · ·

· · ·

· · ·

· · ·

...

...

QFT

¢/S

01k = N · · ·

...

...

· · ·

$/L, 1/√N
j = 1

23

N

...

▶ The superposition consists of 0-column whose amplitude is
1/
√
N each at the beginning of phase 2.

21 / 47



The 2QFA MN
Phase 2 (2)

· · · · · ·
a, b/La, b/S

a/S

b/S

b/S b/S
j-th row

01jj + 1N − j + 1 · · · · · ·

QFT

¢/S
: state rj,0

¢ a $a · · · a b b b· · ·

1
N−j+2 (cell/step)1

j+1 (cell/step)

n m
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The 2QFA MN
Phase 2 (3)

¢ a $a · · · a b b b· · ·

1
N−j+2 (cell/step)1

j+1 (cell/step)

n m

▶ For j-th row, reaching the beginning of the tape takes
(j + 1) · n + (N − j + 2) ·m steps.

▶ At the same time, the amplitude of |rj ,0, 0⟩ is 1/
√
N.
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The 2QFA MN
Phase 2 (4)

▶ The amplitude of |rj ,0, 0⟩ is 1√
N
, after

(j + 1)n + (N − j + 2)m steps.

Suppose that j-th and j ′-th rows reach the beginning at the same
time step. That is,

(j + 1)n + (N − j + 2)m = (j ′ + 1)n + (N − j ′ + 2)m

⇐⇒ (j − j ′)(m − n) = 0

1. If m = n, the amp. of every |rj ,0, 0⟩ is 1√
N

at some time step t ′ in O(N(m + n)).

2. Otherwise, at most one amp. of |rj ,0, 0⟩ is 1√
N

at a time.
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The 2QFA MN
Phase 3 (1)

1. If m = n, the amp. of every |rj ,0, 0⟩ is 1√
N

at some t ′.

2. Otherwise, at most one amp. of |rj ,0, 0⟩ is 1√
N

at a time.

· · ·

1 2 3
· · ·

N· · ·j :
QFT

¢/S
1 2 3 N· · ·

rj,0’s
Finally, for a string w = anbn, MN accepts w at t ′ + 1.
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The 2QFA MN
Phase 3 (2)

If m ̸= n, consider each observation.
Let j ′ be the first row that reaches the beginning of the tape.

Note that the amplitude of |j ′, 0⟩ is
√

1
N .

Then, at the next observation, one of the following happens.

We observe

1. “acc” and “rej” with probability 1
N · 1

N and 1
N · N−1

N , resp..

2. “non” with probability 1− 1
N = N−1

N .

(Then, amp. of each config.s |c⟩ ∈ Cacc are multiplied by
√

N
N−1 )

For each i-th reaching, the above 1
N ’s are replaced by 1

N−i+1 ’s.

As a result, M wrongly accepts w with probability 1
N .
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Some Languages of 2QFAs Are Not in Context-Free

Similarly, we can construct QFAs MN for the non-context-free
language {anbncn | n > 0}.
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2-Way Reversible Finite Automata

Recall the following definitions of 2QFAs.

▶ δ : (Q × Γ)× (Q × {−1, 0, 1}) → C.
▶ Ux

δ |q, k⟩ :=
∑
δ(q, x(k), q′, d) · |q′, k + d⟩.

▶ Ux
δ is unitary.

Definition (2RFA)

A 2-way reversible finite state automata (2RFA) is a 2QFA whose
each transition amplitude is 0 or 1.

Note
For each configuration of 2RFA,
the configuration has one unique “previous” configuration.
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Reversible Simulation of 1DFAs

Theorem (Kondacs97, Proposition 4)

For any 1DFA A, there exists a 2RFA M which exactly recognize
L(A) in linear time.
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Construction of the 2RFA (1)

...
...

...

DFA A

...

¢

...
...

...
...$$

First, add some states for ¢ and $.
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Construction of the 2RFA (2)

· · ·

· · ·

: _/L

: _/R

· · ·
· · ·

· · ·
· · ·

a

b

q1 q3 q10
q2 q5 q11

q6
b

b

aa

▶ Fix arbitrary ordering for states.

▶ Split each state into two states.
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Construction of the 2RFA (3)

· · ·

· · ·

: _/L

: _/R

b

bb b

· · ·
· · ·

· · ·
· · ·

a

b

q1 q3 q10
q2 q5 q11

q6
b

b

aa

▶ Add b-transitions of states with the same target state.
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Construction of the 2RFA (4)

· · ·

· · ·

: _/L

: _/R

bb

bb b

· · ·
· · ·

· · ·
· · ·

a

b

q1 q3 q10
q2 q5 q11

q6
b

b

aa

▶ Add “reverse” b-transitions of the target states.
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Construction of the 2RFA (5)

· · ·

· · ·

: _/L

: _/R

bb

bbb bb

· · ·
· · ·

· · ·
· · ·

a

b

q1 q3 q10
q2 q5 q11

q6
b

b

aa

b b

b

b

▶ Add b-transitions for states without b-labeled in-transition.
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Construction of the 2RFA (6)

· · ·

· · ·

: _/L

: _/R

bb

bb

a a

b

· · ·
· · ·

· · ·
· · ·

a

b

q1 q3 q10
q2 q5 q11

q6
b

b

aa

aa aa, b

a, b a, b

a, b

a

b

a, b

▶ Add a-transitions in a similar way.
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Irreversibility of the DFA (1)

· · ·
· · ·

· · ·
· · ·

a

b

q1 q3 q10
q2 q5 q11

q6
b

b

aa

(q1, j)
(q6, j + 1)

(q3, j) (q10, j)· · ·

a b

j
a

Configuration Tree

(q2, j − 1) (q5, j − 1) (q11, j − 1)
▶ Suppose we reached the configuration (q6, j + 1) from (q1, j).
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Irreversibility of the DFA (2)

· · ·
· · ·

· · ·
· · ·

a

b

q1 q3 q10
q2 q5 q11

q6
b

b

aa

(q1, j)
(q6, j + 1)

(q3, j) (q10, j)· · ·

a b

j
a

Configuration Tree

(q2, j − 1) (q5, j − 1) (q11, j − 1)
▶ We cannot determine a previous config. of the configuration.
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Reversible Simulation using the 2RFA (1)

: _/L

: _/R

a b

j
a

(q1, j)
(q6, j + 1)

(q3, j) (q10, j)· · ·

Configuration Tree

· · ·

· · ·

bb

bb

a a

b

aa aa, b

a, b a, b

a, b

a

b

a, b

(q2, j − 1) (q5, j − 1) (q11, j − 1)
▶ In the 2RFA M, every valid configuration sequence

reaching (q6, j + 1) must passes (q10, j).
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Reversible Simulation using the 2RFA (2)

: _/L

: _/R

a b

j
a

(q1, j)
(q6, j + 1)

(q3, j) (q10, j)· · ·

(q2, j − 1) (q5, j − 1) (q11, j − 1)

Configuration Tree

· · ·

· · ·

bb

bb

a a

b

aa aa, b

a, b a, b

a, b

a

b

a, b

▶ A previous config. is uniquely determined for each config..
▶ The linear time comes from the num. of config.s.

According to the pigeon hole principle, the number of steps
more than configurations results in infinity loop.
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1-Way Quantum Finite State Automata

Definition (1QFA)

A (measure-many) 1-way quantum finite state automata (1QFA) is
a 2QFA M = (Q,Σ, δ, q0,Qacc,Qrej) that, for each σ ∈ Γ, there
exists an unitary matrix Vσ : Q × Q → C satisfying

1. δ(q, σ, q′, 1) = ⟨q′|Vσ|q⟩, and
2. δ(q, σ, q′, 0) = δ(q, σ, q′,−1) = 0.

40 / 47



Total-States and Computation of 1QFA

A total-state of an 1QFA M is (ψ, pacc, prej) ∈ V := ℓ2(Q)×R×R.
Intuitively,

1. ψ denotes unnormalized superposition |ψ⟩,
2. pacc is the (accumulated) accepting probability, and

3. prej is the rejecting probability.

The intuition become clearer with the following operator Tσ.

Tσ : (ψ, pacc, prej)

7→ (PnonVσψ, ∥PaccVσψ∥2 + pacc, ∥PrejVσψ∥2 + prej),

where Pacc, Prej and Pnon are the projection matrices
onto ⟨Qacc⟩, ⟨Qrej⟩ and ⟨Qnon⟩.
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Total-States and Computation of 1QFA
Figure

Vσψ

⟨Qacc⟩

⟨Qrej⟩
⟨Qnon⟩

ψ ′

√∆pacc

√∆prej

Tσ

Tσ : (ψ, pacc, prej)

7→ (PnonVσψ, ∥PaccVσψ∥2 + pacc, ∥PrejVσψ∥2 + prej),

We define Tx for x = σ1 · · ·σn ∈ σ∗ as Tx = Tσn · · ·Tσ1 .
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Distance of Total-States

Tσ : V : (ψ, pacc, prej)

7→ (PnonVσψ, ∥PaccVσψ∥2 + pacc, ∥PrejVσψ∥2 + prej),

For two total-states v = (ψ, pacc, prej) and v ′ = (ψ′, p′acc, p
′
rej),

we define a norm of v as:

∥v∥ :=
1

2
(∥ψ∥+ |pacc|+ |prej|).

Then a distance between total-states v and v ′ is

d(v , v ′) := ∥v − v ′∥.
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Reachable Total-States

If v = T¢w |q0, 0, 0⟩ for some w ∈ Σ∗, we call v is reachable by w .

Let B := {v ∈ V | ∥v∥ ≤ 1}.
Clearly, any valid total-state v must be in B.

Note that

1. Tx increases the distance at most linearly:
d(Tσv ,Tσv

′) ≤ c · d(v , v ′),
2. A ⊂ B and ∃ϵ > 0, ∀v , v ′ ∈ A, d(v , v ′) > ϵ implies A is finite.
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Construction of the DFA

1. d(Txv ,Txv
′) ≤ c · d(v , v ′), and

2. A ⊂ B and ∃ϵ > 0, ∀v , v ′ ∈ A, d(v , v ′) > ϵ implies A is finite.

Fix an (two-sided) error bound ϵ > 0. Total-states v and v ′ are
distinguishable if there exists y ∈ Σ∗ such that

1. accepting probability of Ty$v is greater than 1
2 + ϵ, and

2. accepting probability of Ty$v
′ is less than 1

2 − ϵ,

or vice versa.

1. Note that 2ϵ < d(Ty$v ,Ty$v
′) by the definition.

2. From the bound of Ty$ (in 1. above), 2ϵ
c < d(v , v ′).

3. Thus, by the finiteness (in 2. above)
a set of distinguishable-and-reachable total-states is finite.
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Limitation of 1QFA
1QFA cannot recognize L = {a, b}∗a with a bounded error.

Let ψx := (PnonVσn)(PnonVσn−1) · · · (PnonVσ1)|q0⟩.
1. Let µ = inf{∥ψ¢w∥ | w ∈ {a, b}∗}. If µ = 0, M cannot

recognize L with a bounded error. So we may assume µ > 0.

2. Let ξ > 0, and choose w such that ∥ψ¢w∥ < µ+ ξ.

3. Then, µ ≤ ∥ψ¢wy∥ < µ+ ξ for every y ∈ {a, b}∗.
4. Specifically, for any j ≥ 0,

µ ≤ ψ¢wabj = ∥(PnonVb)
jψ¢wa∥ < µ+ ξ.

5. Fix j , k satisfying ∥ψ¢wabj − ψ¢wabk+j∥ < ξ.

6. Then,

∥ψ¢wa − ψ¢wabk∥ < c ′ · ξ1/4

=⇒ d(T¢wa$(|q0⟩, 0, 0),T¢wabk$(|q0⟩, 0, 0)) < c ′′ · ξ1/4.
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Thank you for your attention!

Any Questions?


	Introduction
	Preliminary
	2-Way Quantum Finite State Automata
	2QFAs Are More Powerful than 2QFAs
	Reversible Simulation of 1DFAs
	Weakness of 1QFA
	QnA

