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1. Method of Types

1-1. Basic Concepts

1-1-1. Type
1. Notation
a. * = [z, T, ..., T,] = A sequence whose length is n
b. N(a|z) = The number of occurrences of symbol a in x
c. P, = (probability mass function of type) = (Relative proportion of

N(a|z)

occurrences of each symbol of X) =

2. Type

a. Empirical probability distribution of a specific sequence x as a sample
- sequenceE sequenced| £5t= alphabete] &3 Yl 8l sequence?l Z

0|2 7|Z2 = ERSHIC= o=
b. Components
i. Sample Space : Set of sequences whose length is n

ii. Event Space : Collection of set of sequences which has same
occurrences in each sequence for all symbols

1. example: aab, baa

2. stationary + sequenceE otLto| HE TTHOZ M2 (StLte| EE0| of
L|2})

iii. Random Variable = Probability Mass Function of Type
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1-1-2. Probability Simplex

1. Probability Simplex = {(z1, 2, ..., Tw)|T1 + 2 + ... + Ty = 1, 2; >
0 =1,2,3..,m)}

1-1-3. Set of Types with denominator n

1. Sequence?| Z0|7} nol typeE2| TE (Probability DistributionE2| &)

1-1-4. Type Class

o
olo
o
rr
ny
°
N
S
o

1. Set of Types with denominator n2| 42! type=0f
sequence=29| gt

1-2. Properties

1-2-1. Size of Set of Types with denominator n
1. Notation
a. P, = A set of types with denominator n
b. x = A set of alphabets
2. Theorem

a. [P < (n+ 1)"‘| : type setQ| cardinality= sequence®| Z0| no|
polynomialO|Ct.

1-2-2. Probability of Sequence
1. Notation

a. Xi1,..., Xy, = asequence of i.i.d random variables (alphabet2 eventZ

&)
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b. X; ~Q (7 =1,...,n) = Z Random Variable0| [[}Z = identical
distribution

c. Q"(z) = X1, ..., X2 EF instance0]| L S35t= sequence 0l CHt pmf
d. P, = EH sequence z0 CH$t type
2. Theorem

a. Q?’L(w) = 2_n(H(Pz)+D(PzHQ)) (for any P)

1-2-3. Size of a Type Class (T'(P))
1. Notation
a. P, = A set of types with denominator n
b. P € P, = Atype as a element of P,
c. x = A set of alphabets

d. T(P) = A set of sequences corresponding to the given type P
2. Theorem

a. w2 < T(P) < 2771P) (for any P)

1-2-4. Probability of Type Class

1. Notation
a. P, = A set of types with denominator n

b. P € P, = Atype as a element of P,

(@)

. T(P) = A type class for type P = A set of sequences whose type is P

o

. Q(x) = Any probability distribution for alphabet x

D

. Q"(:c) = Probability of a squence whose length is n and alphabet is x

—h

. Q"(T'(P)) = Probability of a type class of sequences whose type is P
(calculated as the sum of Q™ (z)(z € T'(P))
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2. Theorem

a. o7 )m? nD(PIQ) < Qn(T(P)) < 2~ "P(PIIQ)

2. Universal Source Coding

2-1. Basic Concepts

2-1-1. Encoder / Decoder
1. Code Rate(R)
a. Entropy Rate = n2| 2}0| Z7teto] W2t Entropy?t F7t5t= M=

b. n(=sequence?| Z0[)2| zt0| 7teto] et Codell 747t B7t6H= Mk (=
code 714=9| sequence Z0|0f CHSH H:#)

2. Fixed Code Rate: Code Rate?| 2}0| D HE|{QUCtT 7tH-sH= At

3. Encoder: n7ll2| symbol=Z O|F0{Tl £EH SequenceE £4 codeZ mappingdt

— AL
= e

a. fu:x" — {1,2,..,2"}

4. Decoder: EH codeE n7i2| symbolEZ O|FHZEl EH sequenceZ mappingdt

A
=

a. én:{1,2,..,2"} > x"

5. Error of Probability: DecodingE Sequence?t Encoding 2| Se
EEl 3§

H quence®t Ct2
Cto g [[H % Error7p & Ctn & o £ Sequence’t 2EE =&

a. Pe = Q"(X"|@n(fn(X™)) a X")

2-1-2. Universality of Code
1. Property of a rate R block code
2. Condition

a. f, and ¢, do not depend on @, the distribution for symbol

b. Under the condition, if R > H(Q), then lim,, . Pén) =0
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i. R> H(Q)

1. 22|9| probability distribution0ll CH5t0{ sequence?| Z0|7} Z7tetol|
2t S716t= code?l 7042 7|EHZt > distribution QO CHaH0] 7
symbolof| 223t code 7H4-2| 7|12t

2. symbol2 encodingst? |0l 23t codel| 47t FHEE EANCOE
BESH| /st =A

a. sequence?| ZO0|7}1 &7t f OICF AFBE & U= code?| 747t
Bt HETt
sequence?| Z0|7t 1371 mf OfCt s slotdll EHZ = U=
symbol®| Ji=HL S5 E&5H7| flgt =2

2-2. Theorem: Existence of Universal Code

1. Notation
a. n = Sequence?| Z0| = Sequenced| E&HEl symbol2| 74
b. R = code rate = n(Sequence?| Z0|)2| Z7t2k0f| CHSt codel| 7H4 7t
c. 2" = Sequence? Z0|7} n0|1 code rate0| R A&0|M & codel 74

d. a sequence of (2™, n) universal source code = Sequence® Z0|7} no|
11 code rateOI ROIEﬁ = code?| 447t 2nF ol M50l M universaility ZHS

2. Theorem: There exists a sequence of (2"% n) universal source codes such
that P™) — 0 for every source Q suchthat H(Q) < R

3. Proof
a. Assumption

i. The rate R is fixed

ii R, = R— |X|log(n+1)

i. A={ze x"H(FP;)<R,}
iv. T(P) = type P2l type class = type Pol| L{83}= sequence

ruln
I
[

b. Proof
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i. Upper Bound of |A]
Al = ZPePn\H(P)an T(P)|

- < Y pep,a(p)<r, 2"
2an

[EEY

N

w

- < 2pep,|H(P)<R,
4, < 2 > Pep,|H(P)<R, 1 = 2nFn x (Size of the type set)

5. < 2n8a(n + 1)|X‘ (By the theorem of “size of the type set”)
6. — 2lx[log(n+1)+nRy]

7 L 2n(R +|X|log (n+1) )

8. = 27k (By definition of R,,)

ii. Encoding / Decoding Scheme
1. A9l AA9| JiHLt codell 7t FO B2 indexingO0| 7tsdt

2. indexing YA 92 encoding function(f,(z))2 #4 (codeE index
2 mapping)

indexof xinAifre X
a. fulz) = 0

3. decoding function (indexZ code= mapping)
iii. Universality of Encoding/Decoding Scheme
1. Assumption
a. Xq1,Xo,...,X,, =i.i.d Random Variables

b. @) = Probability Distribution that each of the random
variables X7, Xo, ..., X,, depends on

c. HQ) <R
2. Proof
a. Upper Bound of Error Probability

i, P =1-QM(A)
ii. = ZP|H P)>R, Q(n) (T(P))

i, < ZP|H >R, MaXp|g(P)>R, Q(")(T(P))
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iv. < maxp|gPp)>R, Q™ (T'(P)) ZP|H(P)>Rn 1
v. < maxpiz(p)>r, Q" (T(P))(n+ 1)X
vi. < (n 4 1)IXI(2-nminpme)-r, D(PIQ))

b. H(P) > R, > H(Q) (for some n)

i. R,2 RECHE2 MEfoM ROl 7ZHIE (n — oo, R, — R
)

i. H(Q) < R

i. H(Q) < R, < Rg U&sH ot LAUSENM ny7t EX

iv. minp|g(p)> g, &8 H(P) > R,0122 H(P) > R, >
H(Q)

3. Large Deviation Theory

3-1. Sanov's Theorem
1. Notation
a. E = A subset of the set of probability mass functions
b. P™ = Set of types with denominator n
c. E N P™ = Subset of the set of types with denominator n
d. Q"(E) = Z0|7} n?l Sequence0| th?t set of typesol| Ch3t &2 Egto| &
. Q"(E)=Q"(ENPF,) = Zm|PermPn Q" (x)
e. X1,Xo,..., X, = asequence of i.i.d random variables

f. Q(z) = A distribution that each of random variables X7, ..., X,
depends on

g. P* = argmin,_; D(P||Q) = Distribution in E that is closest to @ in
relative entropy

2. Theorem
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a. Q"(E) = Q*(EN B,) < (n+ 1)Xl2-»P(F"[Q)
b. =log Q"(E) — —D(P*||Q)
3. Proof
a. Upper Bound of Q"(E)
. Q"(E) = X pepnp, Q"(T(P))
i. <> pepnp, 2-"PFIQ)

iil. <3 pepnp, maxpepnp, 27019

H J— —nminp ENP, D(PHQ)
V. =2 pepnp, 2 o

v. < ZPeEﬂPn 9—nminpep D(P||Q)
Vi. = Ypegnp, 2 P19
vii. < (n4 1)xlg=P(PQ)
b. Lower Bound of Q" (E)
i. Additional Assumption for E/
1. For all large m, there is a distribution in 2 N P, that is close to
p*
2. FE is the closure of its interior = Thus, the interior must be non-
empty for allan > ny
a. Limit Point
i. Notation
1. (X,T,d) = Metric Space
2. E = X2 subset
3. N.(p) = 7I& Hz| rol i3t 7|ZH p2| Neighborhood=
{r'lp’ € X,d(p,p') <r}

4. N;(p) = N,(p)\{p}
ii. Definition: C}&2| =718 MUES= 7|&™ p € X E E9

limit point2t &

1. ¥r > 0, Ni(p) N E = 0 = 2lele] ete| 7% Ha| rof of
ot 7|28 po| AAZE K25t Neighborhood7Zt A &gt
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b. Interior Point

i. Notation
1. (X, T, d) = Metric Space
2. E = X2 subset
3. N, (p) = Point p2| 7|& 72| r0i| it Neighborhood =

{p'lp" € X,d(p,p') < r}

ii. Definition: Ct&2| ZUE UES=7|E8 p € XE E9

interior point2t &

1. dr > 0, N.(p) C E = 7|& 2| roi th3t 7|&=H p2
neighborhood?t X | 2&ZI5t0|C}.

c. Exterior Point
i. Notation
1. (X, T, d) = Metric Space
2. FC X=X 22 &
3. X\E = X 30X EE H2lst &
4. N,(p) = 7I& 72| roil thet 7|ZH p2| neighborhood =
{r'lp’ € X,d(p/,p) <7}

ii. Definition: Ct22| =2 UESt=7|[&E8 p € XE E°
exterior point2td & = CtZe| ZUS UHESI=7|1E8 p e X
£ E°9| interior point2t1 &

1. 3r > 0, N,(p) C X\ E = 7|1= 2| rof tist 7| =28 p
9| neighborhood?t X\ E2| 22 %

d. open set
i. (X,T,d) = Metric Space
i. EC X = E= X9 28 &g

iii. Definition: CtS2el =22 ESH= &g ESE open setO|2t

St
a

1. B9 2 E Y|AZ A9 H0| E2Q interior pointd
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e. closed set
i. (X,T,d) = Metric Space
i. E C X =FE= X9 22%st

iii. Definition: CtS2| X712 2tESt= et E'E closed setO|2}

-1y
1. B9 2E limit pointZt £ ¥4l
f. closure
i. ZE limit pointS2| Mgt
g. interior
i. 2E interior pointS2| &%t
ii. There are distributions P, such that P, € £ N P, and
D(F,||Q) — D(P*[|Q)
iii. For each n > ny, the followings are true
1. Q"(E) = ZPeEmPn Q"(T'(P))
2. > Q"(T(P,))

nD (P,
3. > 2 "D AI0)

c. Convergence

i. lim inf L log Q*(E) > lim inf(— 26 _ p(p,|Q)) =
—D(P*||Q)

4. Conditional Limit Theorem

4-1. Pythagorean Theorem

1. Notation

a. F/ = Closed convex set

b. P = Probability distribution2| Z!&t
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c. E C P=Pol82E &gt
2. Condition

a. P* € E = Distribution that achieves the minimum distance to Q =
D(P*]|Q) = minpeg D(P||Q)
b. Q¢ E
3. Theorem
a. D(P||Q) > D(P||P*) + D(P*||Q) (VP)
4. Usecase
a. Suppose that we have a sequence P, € E that yields D(F,||Q) —
D(P*]|Q)
b. Then, D(PB,||P*) — 0 (P,0| 2|Xst=|1 Qlct.)

4-2. [ distance

1. Notation
a. P, P, = Probability Distributions
b. x = Set of symbols
c. a = specific symbol
2. Definition: Ly distance
a. [|PL = B[ = )¢, [Pi(a) — Px(a)|
3. Lemma 11.6.1: Lower bound of Relative Entropy with L; distance

a. D(P||R) > 51 (||1P1 — P)1)?

4-3. Conditional Limit Theorem
1. Notation
a. P-= set of types with denominator n

b. ¥ = closed convex set as a subset of P

Information Theory and Statistics
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c. X1, Xs,..., X, ~ @ =i.i.d discrete random variables

d. p* = min,cg D(p||Q)

e. a = specific symbol
2. Theorem

a. n — oo, P(X; = a|Px» € E) — p*(a)

b. The conditional distribution of X} is close to p* for large n
3. Proof of Theorem

a. Preliminary

i. Sy = {p € P|D(P||Q) <t} (?I& 727} tQ! Pseudo Neighborhood
O| Xt subset of set of types)

1. D(P||@Q) is a convex function. Therefore the set S; is convex

i. D* = D(P*||Q) = minpcg D(P||Q)

1. D(P||Q) is strictly convex in P. Therefore P* is unique
iii. A= SpeiosNE =
iv. B=E—Sp-.sNE=E— A
v.AUB=F

vi. Q™ (B) = Subset of set of types with denominator n2A B2| 2t
type poll LHS3t= type class T'(p)E2 & &0l th3t probability

b. Upper Bound of Q"(B)

i. Q"(B) = ZpeEmpn|D(PHQ)>D*+26 Q" (T(p))

. —nD
i. < peBnPDGQ)>D 4252 Bl

—n(D*+26
iii. < > cBnp,|D@||Q)>D"+26 2 ( )

i, — 9-—n(D*+26)
v, =27 ZpeEﬂPn|D(pHQ)>D*+25

v. <270 ZpGPn 1

1
vi. = 27UDH20) (g 4 1)IX]

c. Lower Bound of Q™(A)
i. Q"(4) > Q"(Sp-+s N E)

Information Theory and Statistics
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. 1 —nD(P
i =Y pemrppeli) row2 T

—n(D*+46
lil. > > e pnp, Dw)Q) —(n+11)wxw2 o)

iv. > (n+11)m 2D +9) (for sufficiently large n)

1. For sufficiently largen, Sp«.s N E N P, v 0 (n2 sample? 37|

2 Hord &)
d. Upper Bound of P(pxn» € Blpx» € E)
i. px» = Sequence X" = (X1, Xs, ..., X,,)0ll CHSt type

iii. < @(B)

Q"(4)
(TH-].)‘X‘ 27n(D*+26)
9-n(D*+4)

iv. <

o
v. = (n+1)2xlg—nd
e. Upper bound of P(pxn» € Blpx» € E) implies the followings
i. n— oo, P(lpx» € Blpx» € E) -0
i. n — 0o, P(pxn € Alpx» € E) — 1
f. All members of A are close to p* in relative entropy
i. By definition
1. D(pl|Q) < D* + 26
ii. By upper inequality and Pythagorean theorem,
1. D(p||P*) + D(p*[|Q) < D(p||Q) < D* + 24
2. D(p||P*) + D* < D(p||Q) < D* 424,
3. D(p||P*) < 2§ (by definition, Dx = D(p*||Q))

ii. px € Aimpliesthat D(p,||Q) < D* + 24. Therefore,
D(ps||P) < 24

M

g. P(px» € Alpx» € E) — 1. Therefore, P(D(px-||p*) < 2d|pxn»
E) —1lasn— o

h. By Lemma 11.6.1: Lower bound of Relative Entropy with L; distance
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i. “The relative entropy is small” implies that L distance is small

ii. “L; distance is small” implies that “max,c, |Px~»(a) — P*(a)| is
small” (by sum > max for non-negative values)

iii. Thus, P(|Pxn(a) — P*(a)| > €|Px» € E) - 0asn — o
1. L, distance is small = |Pxx(a) — P*(a)| < €

iv. Alternatively, this can be written as follows
1. P(X; = a|Px» € E) — P*(a) in probability, a € x

2. Since X3, ..., X, isiid, P(X; = a|Px» € E) — P*(a) in
probability, a € x

5. Hypothesis Testing

5-1. Hypothesis Testing

1. Intuitive definition: Decision problem between alternative
explanations(hypothesis) for the data observed

2. Formal definition
a. Notation
i. X1, Xo, ..., X, ~ Q(x) =1.1.D Random Variables
ii. Probability Distributions

1. @ = The unknown probability distribution that X1, ..., X,,
depends on in real

2. P, P, = The known probability distributions that X1, ..., X,,
may depend on

iii. Hypotheses
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1. Hy : Q = P; = The first hypothesis that X, Xo, ..., X,
depends on the probability distribution P,

2. Hy : Q = P, = The second hypothesis that X7, X5, ..., X,
depends on the probability distribution P

iv. Decision function
1. g(xla L2y wn)
a. g(x1,xa,...,2,) = 1 = The first hypothesis H; is accepted

b. g(x1, 9, ..., £,) = 2 = The second hypothesis Hj is
accepted

2. Decision Region: Inverse image of g = Acceptance Region
a. A= {(z1,z2,....,z0)|9(z1, T2, ..., zn) = 1} = g7 1(1)
b. A¢ = {(z1,Z2, ..., Tp)|g(T1, T2, .o, Tp) = 2} = g7 1(2)
v. Probabilities of Error - Recall / Precisionzt= 2t JUS

1. a = P(g9(X1, X, ..., X)) = 2|Hj is true) = P(A°) (Type 1
Error -1 — Precision)

2. B = P(9(X1,Xs,..., X)) = 1|H; is true) = Py'(A) (Type 2
Error - Recall)

5-2. Neyman-Pearson lemma

1. Notation
a. X1,...,X, ~ @ =11.D Random Variables
b. Probability distributions

i. @ = The unknown probability distribution that X1, ..., X,, depends
on

ii. P;, P, =The known probability distributions that X1, ..., X,, may
depend on

c. Hypothesis
i. H1 : Q = P1

Information Theory and Statistics
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ii. H2 : Q == P2
d. Decision function

i. g(x1,x2, ..., Tp)

L. g(@1, @2,y @,) = 1 (if BlEEERmm) )
2. g(z1, 22,y n) =2 (if I%(Zﬁ—m <7

ii. Decision Region = Acceptance Region

1 A(T) = (o Bzl 1) — g1

(-73171727 s Tp

2. 4(T) = {o" [fHaz) < T} = g71(2)

Py (21,22

3. B,, = Any decision region/acceptance region other than 4,

e. Probabilities of Error
i. of = P(g(X1, Xo,...., Xpn) = 2|Hj is true) = P(AS(T))
i. B = P(9(X1,X2,....; Xy,) = 1|Hy is true) = Py (A,(T))

iii. = Pl(Bf)
iv. 8 = P}(B,)
2. Theorem

a. If a < o*, then § > B* = Hypothesis 12| Error Probability 7t 24 5tHH

Hypothesis 22| Error Probability 7t Z7}3tLC},
3. Proof
a. Notation
i. Acceptance Region

1. A=A,(T) = {xn|W >T} Cx™

2131,(132, 7xn
2. B C x™ = Any decision/acceptance region other than 4,

ii. Indicator Function

1. ¢a(x) = ca * 1(x € A)(Indicator fucntion for Acceptance
Region A)

2. ¢p(x) = cpg * 1(x € B)(Indicator function for Acceptance
Region B)

Information Theory and Statistics



iii. © = (z1,29,...,2T5) € X"

b. Base Inequality
i. (pa(z) — ¢p(x))(Pi(z) — Th(z)) 2 0
i. [pa(x)* P(x) —T % ¢pa(x)* Po(x) — ¢pp(x) * P(x) +
Top(x)Py(z)] > 0

c. D lda(z)* Pi(z) — T * gpa(x) x Po(z) — ¢p(x) x Pi(z) +
Top(z)P(z)] > 0

LY peal@a(@) x Pu(z) = T x ga(x) x Po(z)] — 3o, plén(z) *
Pi(z) — T x ¢p(x) * Po(x)] >0
i. =Y calPi(x) =T * Py(x)] — > ,cplPi(x) — T * Py(x)]

. = X 4[PL(@)] = T Xy s [P @)] — ey [Pr(@)] + T %
ZxGB [P2 (.’,C)]

iv. = PP(A) — T % Py(A) — PP(B) + T  PP(B)
v. = (1= PP(A%) = T« Pp(A) — (1 — PY(B)) + T  (B}(B))
vii=1—-a*)—Tx*a*—(1—a)+T=x*(B8)
vii. = (a— o) +T(8— B%)
vii. =T(B—8*) — (a* —a) >0 (T'>0)
d. T(8 — B*) > (a* — &) (T > 0). Therefore, if a* > a, then § > B*

4. [Neyman-Pearson Lemma] means that the following test form (Likelihood
Ratio Test) for two hypotheses is best

Py (X1,X5,...,X0n)
A B (X1, Xz Xn) T

6. Chernoff-Stein Lemma

6-1. AEP for Relative Entropy

1. Notation

Information Theory and Statistics 17



a. X1,Xs,..., X, ~ Pi(z): 1.1.D random variables that depends on P;(x)
b. Py(x): Any probability distribution other than P;(x) on sample space x

2. Theorem

l Pl(X1’X27“'7Xn)
a. n IOg PQ(X1’X27"'7X71)

— D(Py||P,) in probability

6-2. Relative Entropy Typical Sequence

1. Notation

a. n = Fixed number of occurrences of symbols in a sequence

b. x™ = Set of sequence with length n

c. (1,29, ...,x,) € X" = A sequence of symbols in x
d. A™ (P1||P,) = Relative Entropy Typical Set = A set of relative entropy
typical sequences
2. Definition

a. Relative Entropy Typical Set(AE") (P,||R,)) is the set which meets the
following condition

i. D(P||Py) — € < 1log Blontnein) < D(Py||Py) 4 €

P2($1,$2,...,$n)

6-3. Basic Properties of Relative Entropy Typical
Sequences

1. Notation
a. n = Fixed number of occurrences of symbols in a sequence

b. (z1,%2,...,Z,) € X" = A sequence of symbols in x

c. Pi(x1,x2,...,zn) = Probability #1 of a sequence of x1, x2, ..., Tn
d. Py(x1, s, ....,x,) = Probability #2 of a sequence of x1, z3, ..., ,
e. AE") (P1||P2) = A set of relative entropy typical sequences whose length

isn
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f. P (AE") (P1||P)) = Probability of a relative entropy typical set = Sum of
elements of relative entropy typical sequences whose length is n

2. Properties
a. Bounds of P, for a relative entropy typical sequence

i P1 (331, Ty euny a:n) * 2—n[D(P1||P2)+€] < Pz(m17 Lo, ..., wn) <
P, (;cl, T2,y ..., xn) x 92D (Pi[|Py)—€]

b. Convergence of P;
i PLAM(PP)) > 1 — ¢
ii. for sufficiently large n
c. Bounds of P, for a relative entropy typical set
i. Upper Bound
1. B(AM(P||By)) < 2 "D @BilIP2)—e]
2. for sufficiently large n
ii. Lower Bound
1. P(A"(PL||B)) > (1 — e)2 D (PilIP2)+e
2. for sufficiently large n
3. Lemma 11.8.1: Lower Bound of P, distribution for a set of general sequence
a. Notation
i. x = A set of symbols
ii. X" = A set of sequences which consist of n symbols
iii. 1,x9,...,x, € X" = A sequence whose length is n
iv. B, C x™ = A subset of sequences which consist of n symbols

v. P (Bn) = A probability distribution for a subset of sequences which
consist of n symbols

vi. P5(B,) = A probability distributiion other than P, for a subset of
sequences which consts of n symbols such that D(P,||P;) < oo

b. Theorem
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. Py(B,) > (1 — 2€)2 P (PillP)+e)

6-4. Chernoff-Stein Lemma
1. Notation

a. Sequence

i. X1,Xo,...,X,, ~ @ =11.D random variables that depends on @
b. Probability Distributions

i. @ = The unknonw probability distribution that X7, ..., X,, depend on
in real

ii. P;, P, =The known probability distributions that X1, ..., X,, may
depend on such that D(P,||P) < oo

c. Hypothesis
.H :Q=P,Hy:Q =P
d. Decision Function
i. g(z1, T2, ..., Tp)
1. g(x1, o, ..., z,) = 1 (if Hy is true)
2. g(z1, 22, ..., xy) = 2 (if Hy is false)
e. Acceptance Region = Inverse Image of g
i. Ay = {(z1, 22, ..., 2,)|g9(T1, T2, .., Tp) = 1} = g7 1(1)
i. A5 = {(z1,%2,...,%5)|9(T1, 22, ..., Tp) # 1} = g 1(2)
f. Probabilities of Error
i. ap, = P['(AS) = Type 1Error Probability
ii. 8, = P3(A,) = Type 2 Error Probability
iii. B = ming, cyna,<cfBn (0 <e<3)
2. Theorem
a. lim,, %log B = —D(P || B)
3. Proof
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a. [Part 1]: Exhibit a sequence of sets such that limpp,||p,)—0 B = 0 =

limp p, | p,)—0 l0g B = 0 (lineary for log B, exponentially for 5;,)
i. Notation
1. A, = A selected sequence of sets
2. AS (P,||Py) = Relative entropy typical set from P; to P,
ii. Proof
1. By assumption
a. 4, = A"(P||Py)
2. By the convergence property of P;
a. Convergence Property
i. Py (AE") (P1||P2)) > 1 — € (for n sufficiently large)
b. Convergence Property for complement
. Pl( (P1HP2) ) < € (for n sufficiently large)
i. ap < €

3. By the upper bound property of P,

a. P (A(n) (P1HP2)) < 27D RIP2)=e] (for sufficiently large n)
b. log Pz( (P1HP2)) < —n|[D(P||P2) — €] (for sufficiently

large n)

c. 1log P2( (P1HP2)) —[D(P||P,) — €] (for sufficiently

Iarge n)

d. + log P2( (P1HP2)) < —D(P,||P;) + € (for sufficiently

Iarge n)
e. lim, , 1 log B, = —D(Pi|| P,)

4. Therefore, if A, = A" (PlHPQ) lim,,_, 0 + log B, =
—D(P,||P2) with oy, < €

b. [Part 2]: No sequence of sets including A,, can have a lower exponent

in type 2 error probability (3,) than —D(P;||P,)

i. Notation
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1.

B, = {(x1,....,x,) € X"|P1(B,) > 1 — €} (€ > 0)

ii. Proof

1. By lemma 11.8.1 (lower bound for P, distribution for a set of

2.

c. [Part 210/ it L log Py (B, )0l thoto] —D(Py||Py) ECt o 52 3t 3t

EM{5HA|

d. loge
SLoHH
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general sequences)

a. P3(B,) > (1 — 2¢)2 "P(AlIR)te (¢ < 1)

b. log P5(B,,) > log(1 — 2¢) — n[D(P,||P2) + €

c. log Py(B,) > % log(1 — 2¢) — [D(P||P2) + €]
Lower Bound for lim,,_, %L log P, (B,)

a. lim,_,o L log P5(B,) > lim, o  log(1 — 2¢) —
[D(P1||P2) + €]

b. lim,,_, %log Pz(Bn) > —[.D(PlHPQ) + 6]

ore
Loc.

monontic increasing function0|2 £ [}2tA] 0|0l CHS5t= 5,2

0| B,=0| %|%2k0| &

ro

IE
HA =
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