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Entropy

X: a discrete random variable over X with the PMF(probability mass function) p(-).
The entropy of X: a measure of the uncertainty of X
1 1
H(X) = z p(x)log—— = Ex., [log
eX

p(X)

p(x)
Fact. H(X) = 0.

Conditional Entropy
1
HYXzz x)HY|X =x) = z x,vy) lo = E N[lo

XEX xeX,YyEY

1
p(Y]X)

Chain Rule
H(Xl,Xz, ...,Xn) — H(Xl) + H(leXl) + H(X3|X2,X1) + + H(anXTL—1' ""XZIXl)
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Kullback-Leibler Divergence (Relative Entropy)

Kullback-Leibler divergence between PMFs p and q

p(x) p(X)] _ 1 1
D(p I q) z p(x) log (x) [EX~p [l (X) = IEx~p [logm] — I|E':X~p [logp(x)

XEX

*Dpllg) =wifIx e X st. p(x) >0and g(x) =0.
*D( Il q) # D(q Il p), i.e., no symmetricity in general
*DNg)+D(@llr)ED@IlIr)and D(pllq)+D(q ) £ D( |l r) in general

Chain rule
D(p(x,¥) 1 q(x,3)) = D(p(x) I g(x)) + D(p(ylx) Il q(¥]x))
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Mutual Information

Mutual information
 a measure of the amount of information that one RV contains about another RV

X, Y
I(X;Y) = Exyy~p [log pIZ)(()p(l)/)
= D(p(x,) I p(x)p(»))

— _ — i the reduction in the uncertainty of X (Y)
o H(X) H(le) - H(Y) H(le) due to the knowledge of Y (X)

Conditional Mutual Information
. — _ the mutual information of X; and X,, given Xj;
1(X; YlZ) H(X|Z) — HX]Y,Z) not the mutual information cl)f X, anzd X,|X;. ’
*IX;YZ) £ 1(X;Y)and I(X;Y|Z) £ 1(X;Y) in general

Chain Rule
I(Xl,Xz, ...,Xn; Y) — I(X]_, Y) + I(Xz, Yle) + I(Xg, YlXZ,Xl) + -+ I(Xn, YlXTl—l' "'IXZIX]_)
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Information Inequality

Theorem. D(p Il g) = 0 with equality iff p = q.

Corollary. I1(X;Y) = 0 with equality iff X and Y are independent.
Corollary. H(X|Y) < H(X), i.e., conditioning only reduces entropy.
Corollary. H(X) < log|X| with equality iff p is the uniform distribution.

Data-processing Inequality

By chain rule,
I(X;2)+1(X;Y1Z2) =1X;Y,Z) =1(X;Y)+1(X;Z|Y)

fX-Y-_Z,
by definition,

Theorem. If X - Y - Z, then I(X;Y) > I(X; Z). I(X; Z|Y) = 0.
Theorem.If X - Y —» Z, then I(X;Y) = I(X;Y|Z).
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Source Coding Theorem

We have n i.i.d. RVs.
What is the min #bits required to send the data only with negligible error?

Source
Compressor Decompressor
noise-free
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Upper/Lower bound on Compression

We can construct an instantaneous code given a length function £: X — {0,1}* if

z 27t < 1,
XEX

Shannon compression £(x) := [—logp(x)] gives Ex._,[{(X)] < H(X) + 1.

Theorem. Huffman compression is optimal, i.e., E[fyuftman(X)] < IE[{’Uniquay Decodable Code(X)].

Any uniquely decodable code with a length function £: X — {0,1}* must satisfies

z 2t < 1,
XEX

Theorem. E[¢yniquely Decodable code (X)] = H(X) with equality iff p(x) = 27¢™ for all x € X.

[ HX) <Ef X)) <HX)+1 ]
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Upper/Lower bound on Compression

Consider a sequence of (possibly dependent) RVs X3, X,, ..., X,, with joint distribution p.

Shannon compression gives Ecx. x, _x )~plf(X1, X2, .., Xp)] < H(X1, X5, ..., Xp) + 1.

If XliXZJ ""XTL are ||d, H(Xl,Xz, ...,Xn) — H(X)
Therefore, the expected length per symbol of an optimal compression is

H(X) < %E[ﬂ*(XLXZ, X)) < HX) + %

H(X) is the fundamental limit!

Q. What is the fundamental limit if we allow small error in the compression scheme?
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AEP (Asymptotic Equipartition Property)

Consider a sequence of i.i.d. RVs X, X5, ..., X},.
For any € > 0, for all sufficiently large n,

Pr[2 "HE+E) < p(Xy, Xy, .., Xp) < 27MHE=O] > 1 — ¢,

The typical set Ag") w.r.t. p is the set of sequence x = (x4, x5, ..., x,) € X™ such that
2—n(H(X)+e) < p(X) < Z—n(H(X)—e)_

AEP. For sufficiently large n,

Pr [X € Agn)] >1—¢€ contains most of the probability

(1 — €)2MHX-e) < ‘Agn)‘ < n(HCO+E)  cardinality ~ 2H®)

[ A™ contains most of the probability and has a cardinality ~ 274X, J
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Typical Set is a Smallest Set

Let Bé") C X™ be a smallest set with Pr [X € B(g")] >1-0.
Lemma. |B§")‘ > (1 —¢€— §)2nHEX)—€) x pnHX),

[AE") contains most of the probability and essentially has a smallest cardinality of ~ Z"H(X).J

€ource coding theorem. \
Consider a sequence of n i.i.d. RVs with entropy H.

(1-1) Using slightly more than nH bits admits a lossless compression.
(1-2) With #bits very close to nH, Pr[error] = 0 for sufficiently large n

@) With less than nH bits, Pr[error] = 1 for sufficiently large n (i.e., all information is Iost)./
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Channel Coding Theorem

Suppose we use n symbols to encode a date to cope with the channel noise.
What is the max #data we can send only with negligible error?

Source
Compressor Decompressor
Encoder Decoder
Noisy
channel
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Motivation

We have a noisy channel p(y|x).

Alice tosses a coin X and send X to Bob (using single bit).
« amount of information before being sent = H(X)

Bob receives a bit Y through a noisy channel.
« amount of information that channel decreased = H(X|Y)
« amount of information conveyed by the channel = H(X) — H(X|Y) = I(X,Y)

Information channel capacity

« Assume for now that we wish to maximize the amount of information conveyed by the channel.
« We do this by choosing a best distribution of X.
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Channel and Channel Capacity

Discrete memoryless channel Q
X': an input alphabet (a set of input symbols)

Y an output alphabet (a set of output symbols)

{p(y|x)},ex: a collection of (conditional) PMFs

Choose a distribution. — Capable of sending I(X; Y) amount of information

Channel capacity (choose a best distribution)

C = max I(X:Y * - - -
distribution over X ( ) ) maximum is well defined

Presented by Changyeol Lee
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Code, Decode, Rate, Error

M,neN
(M, n) code for a channel Q = (X, p(y|x),Y) “encoding scheme’

« a set of indices(data) {1, ..., M}

- a set of codewords {x®), ...,x®} where xU) € X™

A decoder g guess an index.

* An optimal decoder g* chooses a posteriori most likely index.

(log M)-bit
(M, n) code sends an index with n transmissions.

Rate R of (M, n) code for Q
size of data _ logM

Htransmission n

Amax = ]EI{rllaXM} vp( |X(1))[g( )
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Source

l

Compressor

J,f

Encoder

|

D ecompressor

j = g(Y)[

Decoder

<)

Noisy

channel

7]

Y~p(- [x0)) = 1_[

Maximal probability of error (for a fixed channel Q and fixed (M, n) code for Q)

yl |x(])
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Achievable Rate

Let us fix n.
Increase rate = Send more information per transmission

= Cause more error (possibly)

Q. What rate can we prove is achievable?

One way to show achievability = show existence of such code
« Show the expected error of a random code is small.

* There must be a code with small error.

One (naive) way to construct a random code

Source

l

Compressor

|

D ecompressor

J, j j=g) [
Encoder Decoder
x) Noisy Y
channel
Y~p(- |xV) = 1_[ yllx(’)

« Fix a distribution p,, over X'. Sample i.i.d. n symbols from p, for each codeword, independently.

A. R < [ is achievable. i.e., sending 2™ is possible

If p,. is a best distribution, R < C is achievable.
Presented by Changyeol Lee
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Theorem (part 1)

~

The following holds for any discrete memoryless channel Q = (X, p(y|x), V).
Forany e > 0 and R < C := maxI(X;Y), there exists a (M := [2™¢],n) code for Q such that
Px

Amax < € for all sufficiently large n.

J

Showing the existence

« Fix any p,. Generate a random (M’,n) code according to p,, where M’ = [2"(R+1/")]:
« For eachj € [M'], independently, XU) = Xl(j)Xz(j) XY where Xi(j)~px independently.
- Sample J € [M'] at random. Consider Y~p(- |XY)) and a jointly typical decoder g.

Sample a codeword XU’ at random

« Claim. (M,nygode, [g(Y) # J] is small. — 3 a (M, n) code with small i YN&rlx(]))[g(Y) * J].

« Removing the worst half of codewords ensures A,,,,x = max Pr _[g(Y) # j] is also small.

Rate decreases by 1/n. JEM] Y ~p(-|xD))
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Intuitive ldea

Consider sufficiently large n.
By AEP,
|{y | P(Y) ~ Z—nH(Y)}l ~ ZnH(Y)
Similarly, given typical x,
|{y | p(y|x) = 2—nH(Y|X) }| ~ 2NH{Y|X)

Typical y for a given typical x

Presented by Changyeol Lee
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Intuitive ldea

Typical ¥

Consider sufficiently large n.
By AEP,
{y [p() = 27HO Y| =~ 274

)
TN
\_/
I~
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J
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|
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~

Il\ — /l

N ; ‘

Similarly, given typical x, j( \}{/
~ 2~NH{I|X) | o pnH(YI|X) — _/__\\m___/_;};\_
|{Y | p(yI%) }| l )‘\__/C__;‘/

Typical y for a given typical x

Ideally, we “pack” 2 () jpnH{Y|X) — 2nl(XY) nymber of non-confusable typical y for a given typical x.
Joint AEP Independently sampling (about) 2/X:Y) #codewords suffices for non-confusability.

Jointly-typical decoder g (which is sub-optimal compared to g*)
g(y) = j if (x1,y) is jointly typical and no other j’ exists such that (xU"),y) is jointly typical.

Otherwise, outputs arbitrary index.
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Joint AEP and Error Bound

Jointly typical set A7 = { (x,y) | p(x) ~ 27"HX), p(y) ~ 27D, p(x,y) ~ 2 MHEN )
Joint AEP. For sufficiently large n,

( ) ( )[(X Y) € A(n)] >1—c€ contains most of the probability
XY)~pxy
cardinality < 2mH ()
(n) n(I(X:Y)-3e Independent X, Y being jointly
X~p %) [(X Y) € A <27 UX:Y)=3€) typical is exponentially small
Y~p(y)

Error Bound. Fix any j.

«  Pr[(xY),y) is not jointly typical] < e

XU") and Y are independent Pr [
y gl¥) £]] < 2¢
+ For fixed j' # j, Pr{(XU"),Y) is jointly typical] < 2-*:Y) (M,n) code,
J,Y~p(:|XD)

— Pr[3j’ = j: (xU),Y) is jointly typical] S (M’ — 1)2"" &) < ¢
Union bound Holds if R S I(X;Y)
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Theorem (part 2)

The following holds for any discrete memoryless channel Q = (X, p(y|x), V).

Any ([2™8],n) code with R > C := maxI(X;Y) has Aavg bounded away from 0 for all n.
Px

Proof sketch)
* For fixed encoder and decoder, we have | - XU) - Y - g(Y).
H(J)=H(J|lg(¥)) +1(;9¥))
< H(J|g(Y)) + ](X(J); y) Data processing
<1+4Pr[J # g(¥)]log(M — 1) + I(XY;Y) Fano'sinequalty
< 1+Pr[J # g(¥)]nR +nC Doing n transmissions;

I1(X;Y) per transmission.

Assuming J is sampled from a uniform distribution, H(J) = log[2™®] =~ nR and thus
1

C
Prij # ()] 21—~ —.

Presented by Changyeol Lee
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Stronger Theorem (part 2)

The following holds for any discrete memoryless channel Q = (X, p(y|x), ).

Any ([2™%],n) code with R > C = maxI(X;Y) has 1,,, = 1 for all sufficiently large n.
Px

Presented by Changyeol Lee
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Rate Distortion Theory

We have n i.i.d. RVs.

Source coding theorem says

with a distortion function d(x,X) = .4,

- if R < H, then E[d(X,X)| < 1 — € is not possible (when n is large);
- if R > H, then E|d(X,X)| < € is possible (when n is large).

Rate distortion theory says
with a separable distortion function d(:,-), i.e., d(x,X) = %2?;1 d(x;, x;),

- if R <?, then E|d(X,X)| < D is not possible;
- if R >7?, then E[d(X,X)| < D is possible.

Presented by Changyeol Lee
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Rate and Distortion

Consider a (per symbol) distortion function d(x, X), e.g., d(x,X) = [;4¢. andd(x, %) < o.
A compression scheme (f, g),, g compresses n symbols with R bits per symbol. i.e., nr(e N) bits in total.

Codebook (for decoding): {j,f((f)}j_:
Distortion of (f, g), z= Ex [d (X,g(f(X)))].

(R, D) is achievable if forany § > 0,

there exist a scheme (f, g),, g that compresses n i.i.d. symbols with distortion < D + 4.

Rate distortion function R(D) = R

min
(R,D) achievable

Assume, given a distribution p(x) over X, we wish to find a “test channel” (X, p(X|x), X) with
distortion at most D such that it conveys a minimum amount of information.
RO(D) = min 1(X; X
( ) p(X]x) : . E [d(X,X)]<D ( )
~p(x)
X~p(1X)
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Rate Distortion Theory

[Theorem. R(D) = RD(D). ]

proof sketch)
* Any (f, 9)nr With distortion < D must satisfy R = R)(D).
-  RW(D) is nonincreasing and convex in D.

 d Is separable.

« Data inequalities.

- (RY(D), D) is achievable.

nrR(D(D)

« Ideally, construct a codebook {j,ﬁ(f)}j that “covers” all typical x within distortion D.

=1

« (Joint) Distortion AEP

Independently sampling 2% number of typical £ suffices for covering all typical x.
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Achievabillity

One way to show achievability = show existence of such scheme

- Construct a random scheme (f, g),, r Where R > RV(D). Show the expected distortion < D.
One way to construct a random scheme
« Fix a distribution p(x|x) with distortion = D — p(X%) is fixed.
Fix a test channel.

 For each j € [2"7], independently, XU) = Xl(J)XZ(’) - XY where Xl.(’)fvp(a?) independently.

« Let g(j) = &Y for each j € [27F].
« Consider a (jointly) distortion typical f.

»  f(x) = anyj such that (x,&")) is distortion typical.

- Ifthere is no j such that (x, &) is distortion typical, outputs arbitrary j.

Claim. Random scheme has distortion < D + §. — There is a scheme with distortion < D + §.
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(Joint) Distortion AEP

(Jointly) Distortion typical set
AR ={xy) | p() = 27X, p(y) ~ 270, p(x,y) ~ 27D, d(x,y) ~ E[d(X, V)] ]
Since d(x,y) = % * . d(x;,y;) is separable, the law of large number can be applied.

Joint (Distortion) AEP. For sufficiently large n,

[(X Y) (S A(n)] > 1 — € contains most of the probability
X, Y)~p(x y)

Distortion Bound.
X is distortion typical with some X — Contribution to distortion ~ D

 Pr[X is not distortion typical with any X] - max d(x,%) — Contribution to distortion ~ 0
This probability goes to zero exponentially fast if R > 1(X; X). Since d(x, %) is bounded.

* Stronger sense of typicality upper-bounds the distortion w.h.p., i.e., Pr[d(X,X) > D + §| = 0
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Characterization of R(D)

We showed R(D) = min _ I(X;X).
p(X|x) : X~]1];:(x) [d(X,%)]<D

X~p(%|X)
Solve the minimization problgnlw of a convex function over the convex set of some distributions.
— We obtain an optimal p(X|x).
Blahut-Arimoto algorithm computes two alternating minimization iteratively.
« Also converges to an optimal p(X|x).

Channel Coding Theorem (part 3)

When given a discrete memoryless channel with a bounded separable distortion function,
the distortion D is achievable iff C > R(D).

Presented by Changyeol Lee
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Differential Entropy

Continuous Random variable
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Differential Entropy

Consider a continuous random variable X with density f.
Divide range of X into bins of length A.

(i+1)A

Let x; be a value such that f(x;)) - A= [," " f(x)dx.

Consider a discrete random variable X2 where X2 = x; with probability f(x;)A.

co

H() == FOnlogfGn) = -y~ fG)Alogf (i) ~ logA

[=—00

As A - 0, , H(XA) + logA - — f_oooof(x) logf(x) dx. if f(x)log f(x) is Riemann integrable

Differential Entropy
RCO = h(P) == | () log () dx
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Properties of Differential Entropy

« h # amount of information (or entropy of quantized continuous RV)

 h(f) < 0is possible. Consider a density function f that corresponds to U[0,1/4].
1/4

h(f) = —j 4log4dx = —2
0

« Translation does not change h. h(X) = h(X + ¢).
« Scaling does change h. h(aX) = h(X) + log|a|

1 _x*
- Differential entropy h(X) of gaussian RV X~N(0, %) = %log(Znaze) X~f(x) = \/:e 207

202

2

xZ

(00] (0.0) 1
v == reogf@dr==-| e <1og =57 loge> dx

1 Ex-n(0,02) [X?]
= Elog(Znaz) + >3

1 1 1
loge = Elog(Znaz) + Eloge = Elog(Znaze)
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KL Divergence and Mutual Information

Kullback-Leibler divergence between PDFs f and g

P19 = [ [ Fotogl

g(xz)

dx1 dXZ

Mutual information between X and Y with joint density f(x, y)

o f(x,y)
&Y) = f f JEnls ey oy &

=D(fl,y) I fFOOf ()
= h(X) — h(X|Y) = h(Y) — h(Y|X)
~ I1(X%;Y4)

Theorem. D(f |l g) = 0 with =iff f = g.

Corollary. I(X;Y) = 0 with = iff X and Y are independent.

Corollary. h(X|Y) < h(X) with = iff X and Y are independent.

dy

Corollary. If X be a RV with support [—a, a], h(X) < h(U[—a, a]) with equality iff X~U[—a, a].

Corollary. If X be a RV with a variance a2, h(X) < h(N(0, 62)) with equality iff X~N(0, a2).

Presented by Changyeol Lee
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AEP

Consider a sequence of i.i.d. RVs X, X5, ..., X},.
For any € > 0, for all sufficiently large n,

Pr[2 X+ < £(X,, X,, ..., Xp) < 27| > 1 —¢.

The typical set Ag") w.r.t. f is the set of sequence x = (x4, x5, ..., x,,) € S™ such that

2—n(h(X)+e) < f(X) < Z—n(h(X)—e)_ S: supportof f

AEP. For sufficiently large n,

Prixeal’|21-¢ and (1-€)2""®-9 <vol (4V) < 200+,
contains most of the probability volume =~ 2nh(X)

Let Bé") c 5™ be a smallest set with Pr [X € B(g")] =1-29.
Lemma. Vol (B(gn)) > (1 — e — §)2nX)—€) » pnh(X)

[ AE") contains most of the probability and essentially has a smallest volume of ~ 2"(X), J
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Gaussian Channel

Previously, we considered discrete-time discrete-space input channel.
Gaussian channel is a discrete-time continuous-space input channel.

We also consider a continuous-time continuous-space input channel
with bandlimit.

Presented by Changyeol Lee
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(Discrete-time) Gaussian Channel

In a Gaussian channel, the input space is continuous, e.g., real numbers,
and Gaussian noise is added to the input.

Note that it is a discrete-time channel. X;

* If no constraint on the input, it has infinite capacity.
« Even if the noise variance > 0, it can transmit infinitely many numbers almost perfectly.

« Common constraint: upper bound on the average power of the input (x4, x,, ..., x,)

1 Z" 5
— xi S P
n i=1

Presented by Changyeol Lee
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Example

There is a Gaussian channel Q with input-space as R, a Gaussian noise N(0,1) and power

constraint P = 4.

Alice want to send the result of a random coin with x € R (i.e., length 1 codeword) through Q.
Alice encode the result of the coin to a codeword X where X = 2 if HEAD, X = —2, otherwise.

Bob receives a noisy number Y(= X + 7). Bob decodes Y to HEAD if Y > 0, TAIL, otherwise.

Error-probability

Prlerror] =Pr|Y < 0,X = 2]+ Pr[Y > 0,X = —2]
=Pr[Z<-2,X=2]+Pr|Z>2X=-2]
= Pr[Z > 2] = 0.022

Presented by Changyeol Lee
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Channel Capacity

The information capacity of the Gaussian channel N(0, %) with power constraint P

C = max [(X;Y)
f(x):Ex.f[X%]<P

We have I(X;Y) = h(Y) — h(Y | X) = h(Y) — h(Z | X) = h(Y) — h(Z).
Since Z~N(0,0?), we have h(Z) = %log(Znaze)
Moreover, the variance of Y is E[Y?] = E[X? + 2XZ + Z?] = P + o?.

h(Y) < h(N(0,P + 02)) = %log(Zn(P + o%)e)

Therefore,

1 p
C =§log(1 +?)

Presented by Changyeol Lee
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Code, Decode, Rate, Error

(M, n) code for a channel N(0, 62) with power constraint P
« a set of indices(data) {1, ..., M}

- a set of codewords {x®, ...,x(*}
, N (i ; 2 2 2
.« xU) =x§])x§1)---x,(1]) such that xfj) +x§]) +---+x,(1]) < nP

A decoder g guess an index among [M].

Rate R of (M, n) code for Q
size of data _ logM

Htransmission n

Maximal probability of error (for a fixed channel Q and fixed (M, n) code for Q)

Amax = jEI{rll,?.),(M} z~N7l’?(ro,02)[g(Z + x(j)) * ]]

Presented by Changyeol Lee
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Theorem

4he following holds for any Gaussian channel @ with N(0, %) with power constraint P. \
1) Forany e > 0 and R < C, there exists a (M := [2™%],n) code for Q such that

Amax < € for all sufficiently large n.

@ Any ([2™%],n) code with R > C has Aavg bounded away from 0 for all n.

For part 1, it uses Joint AEP.

_____

(T

|deally, we “pack”™ non-confusable typical y for a given typical x.

\%\f&v\f\ AN \ \
l,\-\/,\//\-\/(\-\/, ; : -&z
Joint AEP says independent sampling suffices to achieve this. (j@( Q\/ f}q@

2
> “\' “\7”“\'/\' \ Yj
XX r’\

For part 2, it utilizes data processing and Fano’s inequality.
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Continuous-time Gaussian Channel and Bandlimit

Previously, we considered discrete-time channels. (n usage of given channel)
Now, consider a continuous-time Gaussian channel.

« aninput signal x(t)

« additive white Gaussian noise Z(t)

« power constraint P (defined in a continuous manner)
Consider a bandlimited (continuous-time) Gaussian channel

« Channel cuts out all frequencies greater than W (e.g., by applying a bandpass filter)

Nyquist-Shannon’s Theorem
Sampling a signal that is bandlimited to W at a sampling rate j is sufficient for the reconstruction.

Discretize input signal. — Send through discrete-time channel for multiple times.
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Capacity of Bandlimited Gaussian Channel

Consider a continuous-time Gaussian channel Q with
« bandwidth W Hz, power P, and power spectral density of noise N, /2 W/Hz.

By Nyquist-Shannon’s theorem, it is equivalent to 2W usage (per sec) of a discrete-time

Gaussian channel Q' with power constraint P/2W, and noise N(0, N,/2) of

: Pt 1 P
Note the capacity of Q' is €' = 5 log (1 + WNO).

P
C=2W-C"=WwWl 1
{ og( +WN0> J
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Statistics

Type gives a stronger sense of AEP.

Presented by Changyeol Lee
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Type

type(x): type of a sequence x, i.e., the frequency of each symbol in X
typeclass(t): type class of type t, i.e., a set of sequence (of length n) whose type is t

type of acbdaabcba
Observation.

0.0
Exponential #sequence of length n (= |X|™). q
Polynomial #types of a sequence of length n (< (n + D).
— 3 a type whose type class contains exponentially many sequences.‘
In fact, every type class contains type is a distribution over X
mg sbh mc md me~z

2mH () < |typeclass(t)| < 2™

type class of the above type
aaaabbbccd
aaaabbbcdc

(n + 1)

dccbbbaaaa
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“AEP” for Type and Universal Compression

Consider a sequence of i.i.d. RVs X = X, X, --- X,, where X;~p.
Note that type(X) is a random distribution over X.

Let typical sequence be a sequence x € X such that D (type(x) Il p) = 0.
“AEP” (for type). If n is sufficiently large, Pr[D (type(X) Il p) = 0] = 1.

[ For almost every sequence, the sample frequencies are close to the true probability. J

Corollary (Universal Codes).

Even if p is unknown, we can compress an i.i.d. source with (very close to) H(p)-bit per symbol.
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Sanov’'s Theorem

Consider a sequence of i.i.d. dices X = X X, --- X;, where X;~p.
Q. What is the probability being }.; X; = 4n?
A1. Central limit theorem, i.e., the distribution of the sample mean — a normal distribution.

t*
when p is uniform

« Poor approximation...

A2. Let T be the set of types of sequence whose sum is at least 4n, i.e.

’ 0
= {type(x) | sum(x) > 4n}. 0.2468 A
Sanov’s theorem says
Pr[type(X) € T] < |T| - 27"PWEIP) < (4 1)XT. 27D (D),

where t* € argmings D(t |l p).

= =2 n3 84 un5 w6

[ The probability measure of 7 is essentially determined by t*. ]

= probability of large deviation
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Conditional Limit Theorem

Consider a sequence of i.i.d. dices X = X X, --- X;, where X;~p.
Q. Suppose );; X; = 4n. What can we say about the marginal probability distribution?

A. Let T be the set of types of sequence whose sum is at least 4n, i.e.,

T = {type(x) | sum(x) = 4n},

and let t* € argmin D(t || p) be a “closest” distribution in T to p.
teT

Conditional limit theorem says, for any x € X, if7 isaclosed convex set.

Pr[X; = x | type(X) € T'] - t*(x).

The probability measure of 7 is not only determined by t*

but also concentrated near t* i.e., the conditional type is close to t".

Presented by Changyeol Lee
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Another Proof of Joint AEP

product of marginal distributions of p

Consider a sequence of pairs of i.i.d. RVs (X,Y) = (X;Y])(X,Y;) --- (X, Y,) where (X;Y;)~p,p,

Recall a jointly typical set A™ = { (x,y) | px(X) = 27X, p (y) = 27HO), p(x,y) ~ 27THEN ]

Let T be the set of types of typical sequence, i.e., T = {type(x, y) | (x,y) € Agn)}.

By applying Sanov’s theorem,

Pr type(X,Y) € T] < (n+ DX . 272 ("Ixpy),
sy Flipp, [TPEX D) ET] < G+ 1)

where t* € argminD(t I pxpy).
teT

In fact, t* = p and thus Pr [type(X, Y)eT] < 2-n((X;Y)+€)  when nis sufficiently large.
(XY)~ Il pxpy

Also, by conditional limit theorem, its conditional type is likely to be close to p. when nis sufficiently large.
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Two Hypothesis Testing

Trade-off between «a := Pr[choosed P, but P; is true] and f := Pr[choosed P; but P, is true].
Neyman-Pearson lemma says the optimum test is a (log-)likelihood ratio test.

P; (X 1
PzEX; >1 & D(type(X) Il P,) — D(type(X) Il Py) = ~logT

Let T be the set of types that satisfies the above, i.e., t € T accepts P, and t € T accepts P,.

Suppose P; was the true distribution, i.e., X~ [ P,. Sanov’s theorem gives
a = Prltype(X) ¢ 7] = 2~ P tlPY)-€1),
Similarly, if P, was the true distribution, we have

B = Pr[type(X) € T]= 7—n(D(t311P2)—€2)

D(PIIPy) =D(PIP) =1 log T

We can also show t; = argmin D(t || P;) = argminD(t || P,) = t;.
teT ter

Chernoff-Stein lemma says if @ < € is small, B ~ 27 P(P1IP2)-€) j5 hest possible. by AEP for KL-divergence.
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Kolmogorov Complexity

Source coding says = H(X) bits are required to describe X.
What is the shortest length of a program that describes (or outputs) X?

“Approximately equal to its entropy”

Presented by Changyeol Lee
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Kolmogorov Complexity

Consider any universal Turing machine U.
K7 (X) == min,. »)=x £(p) is the length of a shortest program that prints x and halts (w.r.t. U).

Consider another Turing machine A and let p 4 be a program for A that prints x and halts.
Consider a program s 4 for U that simulates A on U.
Consider an input s zp 4 to U; it prints x and halts. Therefore,

Kyx) < K;(x)+cy

where c4 = ¥(s4) is a constant.

K (x) differs by a constant for any two universal Turing machines.

Presented by Changyeol Lee
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Kolmogorov Complexity

Consider a Kolmogorov complexity when the length of x is additionally given.

K(x | €(x)) is the length of a shortest program such that when given n := #(x), prints x and halts.

Consider a program p: “print the first n-bit x; x, --- x,,”; its length #(p) is n + c.
Kxln)<n+c

However, we cannot say K(x) < n + ¢, since if n is unknown, p does not know when to stop.

Consider a program p': “read the first 2[logn| + 2 bits and decide n; print the next n-bit.”

if n =5 = 101(,), we can describe n as 11001101 with 01 meaning *,’

We can upper bound K(x) < K(x | n) + 2logn + ¢'.
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Kolmogorov Complexity (Information Theory)

Consider a sequence of i.i.d. (binary) RVs X = X, X, --- X,,.

Source coding theorem says %IE[K(X | n)] = H(X). Ashortest program is a compression of X.

Consider any type t and its type class typeclass(t). We index each x € typeclass(t).

Consider a program p: “print i-th string x of typeclass(t)” Recall [typeclass(6)] < 21H®

« To describe a type, | X'|logn bits suffice. To describe an index, nH (t) bits suffices.

Since the sample frequencies are close to the true probability, we have

1 Xllogn ¢
EIE[K(XIn)]SH(X)+| Ing +—.

Since K(x) < K(x|n)+ 2logn + ¢, "
H(X) < %IE[K(X)] < H(X) +%(log|X| +c')

* also holds without expectation
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Kolmogorov Complexity (Theory of Computation)

There is no program that decides K(x) = k (for input x, k).

« Suppose t.c. there is such program p.

« Fix large k such that it satisfies k > £(p) + logk + c. (by running »)

« Consider a program q: “iterates until it finds a string y where K(y) > k; printy”
(e.g., in lexicographical order)

« {(q) =4(p)+logk+c

 However, k < K(y) < ?(q) = #(p) +logk + c, which is a contradiction. “Berry paradox”

Shares the essential spirit with the noncomputability of the Halting problem (Chaitin’s number)

and Godel's incompleteness theorem.
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Side Notes
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Sufficient Statistics

{fo(x)}: a family of PMFs indexed by 6
X: a sample from a distribution in {fg(x)}.

T (X): any statistics (such as sample mean or sample variance).

Then 8 - X - T(X), and by the data-processing inequality, for any distribution on 6,
1(0;X) = 1(6; T(X)).
If it holds with equality, i.e., 8 - T(X) — X, no information is lost.  Once we know T(X),

. . . .. the remaining randomness in X
We say T (X) is a sufficient statistics for 6. does not depend on 6.

Example)
X =X,X,,..,X;, be ani.i.d. sequence of coin w.p. 8 (chosen randomly).

Let T(X) — X1 + + XlO be the #1,3.
T(X) is a sufficient statistics for 6.
1(0;X) =H() —H(8|X) = H(O) —HOIT(X)) =1(6;T(X))
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Sufficient Statistics

{fo(x)}: a family of PMFs indexed by 6
X: a sample from a distribution in {fg(x)}.

T (X): any statistics (such as sample mean or sample variance).

Then 8 - X - T(X), and by the data-processing inequality, for any distribution on 6,
1(0;X) = 1(6; T(X)).
If it holds with equality, i.e., 8 - T(X) — X, no information is lost.  Once we know T(X),

. . . .. the remaining randomness in X
We say T (X) is a sufficient statistics for 6. does not depend on 6.

If T is a function of every other sufficient statistic U, i.e., 8 - X - U(X) - T(X),

16:%) (2 1(6;UX))) = 1(6; T(0).
If it holds with equality, i.e., 8 - T(X) » U(X) - X,
we say T (X) is a minimal sufficient statistics for 6.
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Fano’s Inequality
Theorem. For any estimator X s.t. X - Y - X, we have

HX|Y) < H(X|X) < H(13.x) + Pr|X # X]log|X| < 1 + Pr|X # X]log|X].
Probability of Error and Entropy

Lemma. If X and X’ are i.i.d., Pr[X = X'] = 277 with equality iff X has a uniform distribution.
Corollary. If X~p and X' ~q are independent and X = X',

Pr[X = X'] = 2~H®)-D(@l9)

Pr[X = X'] = 2~H(@~-D(qllp)

Presented by Changyeol Lee
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Stochastic Process and Entropy Rate

Stochastic process {X;}: an indexed sequence of RVs with arbitrary dependence

Stationary stochastic process: joint distribution of any subset is invariant w.r.t. shifts in index
Pr[(XLXZ' an) — (Xl,XZ, "'ixn)] — Pr[(X1+€'X2+€' ---'Xn+£) — (x1»x21 v xn)]

Entropy rate

Definition 1 (entropy per symbol).
1
H(X) = 71i_r)1(r)10EH(X1,X2, v, Xp) when the limit exists
Definition 2 (conditional entropy of the last).

H'(X) = Al_{go H(X,, | X1, X5—2, ..., X1) when the limit exists

Theorem. For a stationary stochastic process, H(X) = H'(X).
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General AEP

AEP
For any i.i.d. process, in probability,

1
— Elog p(Xq,...,X,) = H(X)

General AEP (chapter 16)
For any stationary ergodic process, with probability 1,

1
- Elog p(Xq, ..., X)) = H(X)
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58



Entropy Rate of Stationary Markov Chain

With initial dist. as stationary dist. i, Markov chain is a stationary process.

H(X) =H'(X) = AI_ETC}O HX, | X1, Xnoz) o X1) = 111_1){310 H(X, | Xn_q) = H(X; | X7)

Markovity stationarity

Entropy Rate of Functions of Markov Chain
Let {Xi} be a stationary Markov chain. Consider {Yl} where Y; = qb(Xl-). {Y;} does not necessarily form a Markov chain.
How to know H(Y,, | Y,,_1, Y, ..., Y1) = H(Y) for any n?

H(Yn | Yn—l'Yn—Zl "'rylle) =< H(y) =< H(Yn | Yn—l'Yn—Zl ""Yl)

llm H(Yn | Yn—lr YTL—Z' ey Y17X1) — H(y) — rll_r){)lo H(Yn | Yn—lr YTL—Z' ey Yl)

n—oo

Relates to a hidden Markov model (HMM)
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