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1 Introduction

Gian npointssites thatprovidecertaingoods orservices

el_hyy.to
it Forachsite wherethepeoplelivewhoobtaintheirgoodsfromthatsite

asumption_e.IEverysite samepriceofgoods
O cost pricetcostoftans_potatiora.lideandistance

Peoplewantto minimizethecost

Divide theplane into n cells

2 BasicPropertiesofVoronoi Diagrams

Def Euclidean distancedlp.tl Vpignit
Thesetofsites Pi 2R Pn
Vor p Voronoi diagram ofp subdivision oftheplaneinton cells

or justsimplydenote itsedges vertlies

Npi is Voronoicellof Pi



1 Structureof V pi foreachPi

i YYneRY
t qEvpi if 비 i d8pi a d qPi
ie N pi isan intersection ofhalfplane

whichdivides piandP lit i equally and contains pi

If hipq r I d rp ed r8주 Then NPi hPiPs obsD1

ConUpi is an openconex polygonalregion boundedby atmot nt verticesledges
possibly unbounded 끝부분

Eachedge is abisectorofpiandPs

2 Howdoeseach edge looklike among full line halfline and linesegment
IThm7.2
case1 afullline if all sites are collinear 한직선위에

1 1 1 4cells

case 2 OW Vorp iscaged its edgesareeitherseatsor

halili



3 Complexity ie thetotalnumberofvertices andedges

n cells eachcellhas atmotnt edges complexity On2

But it isnotthecase Thm 73 Alwayslinear

Fr n 3 vertices an 5 and edges 3n6

pf Make the diagram boundedbyaddingVesandconnectingittoeveryhalflines
Anduse Euler'sformula V etf a

4 Characterization of edges vertices thm 74

Df Cpq the largestcirclewithgasacenter

thatdoesnot containanysiteofpin its interior
69T

P P5로부터거리같은점모임bisector

d
Po.PH

_I_
B_一
iPo

P5 P PP5로부터거기같은점 Vertex

Q 왜P1과P4의 bisector는 edge만들지않는가
A 그 bisector는 Po랑가까워서

B P가원안에들어와서

1 q is a vertexof Vorp if Cpg contains threeormoresitesonits boundary

q는 세개 이상의 점으로부터거리가같은만큼떨어져있다

2 Thebisectorbetween sites pi andpj defines anedgeofVorp

iff ㅋ
yebisector st Cpg contains both piep onitsboundary

butnootherside



2 Computethe Voronoi Diagram

Obvlousbound.tt O n nlogn 각cell마다 halfplane계산 nlogn

G1 O nlogn Fortune'sAlgorithm

사실이게최선 the problemofsorting n realnumbers

1 Overall Strategy

Sweep a horizontal linefromtoptobottomovertheplane

Which informationsdowehavetocollectwhilesweeping

aoife ThestructureofUPi dependson every pointevenbelowd

So t'simportantto collect informationswhichare independat
fromsitesbelow l

Which get have its nearestsite above l forsure

Ans d qp distancefrom qtod.fi dlq.pe belowl

How can wevisualizethis

When d qp distancefrom q to l thetraceof q makesparabola.net

B



BI뮡 tLiAC 10 the points aboethisyellowline

areindependentfromtheinformationsbelow l

femeninoofparabolicarcs
P2 Obs7.5 ThebeachlineIs monotone

99 i앴i뽔nbetty pm ie ebisectorbetweenpiandP3

thebreakpointsexactly not theVoronoidiagramwhilethesweeplinemoves

를기순으로 P에가까운쪽은 2 P에 P3에가까운쪽은 P3에

TY is a vertexof Vorp if Cpg contains threeormoresitesonits boundary

q는 세개 이상의 점으로부터거리가같은만큼떨어져있다

2 thebisectorbetween sites pi andpj defines anedgeofVorP

iff ㅋ
yebisector st Cpg contains both piep onitsboundary

butnootherside

Youtube Sweeplinealgorithm Voronoitesselation Kevin Schaal



2 Eventpoints

Wecannotsimulatethemovemntof thebeachlinecontinuously
Sowe have to figureout when something happensonthe beachline

Therearetwotypesof something I
When new arc appears
When existing arc disappears

Teeter When new arc appears Tsiteevent

lem76 Theonlyway inwhich a neware canappear onthebeachline is
when anewsite is encountered Wecalltheevent a siteevent

Y Y i VY
nee

H'salineyet New beach live
Justbefore aparabola

et

yiylttintt Newedgegenerates

ee e

Observethat theleftarc andtheright arc ofthenew are come fromthe samesite

Coons Thebeachlineconsistsof 2ndparabolic arcs
Each siteencountered giveriseto onenewarc

andthe splitting ofatmostoneexisting arc inttwo



Typhon When existing arc disappears Icircle events

lem 77 Theonlyway in
which an existing arc can disappear

fromthebeach line is through a circled

red It represents when tar existingedges merge

It it
Three

p.tn R_iten__t happensexactlywhen

q isthecenterofacircletoq whichpassesthroughPoPiPs
and whoselowestpointlieson l

see



3 Storethe information

D VoronoiDiagram Doubly connected edge list
Ourusual datastructureforsubdivisions Eachedge isdividedintotwo directionaledges

H Beach line balanced
binary searchtree T

3 EventQueue Priority queue

IEachelementhasanassociatedpriority

2 Elementswithhighprobability areservedbeforeelementswithlowpriority

3 Iftur elements havethesamepriority theyareserved inthesameorder

in which theywere enqueued

Ca
Ent Queue에 정확히 siteevent와 circleevent를 잘넣을수있겠는가
Beach line을나타내는 tree T의 도움을받아서



Inordertomanage the information ofthebeachline wecannotstorethewholeequationof
parabolic arcs butthe sites Morespecifically we storetheinformation asfollows

Recall Ourbeach line is Amonotone

Eachleaf

represents each arc lefttoright
stones eachcorrespondedsite

T

1 21In

points thecircleeventineventquem
Wherethearc disappears

itwillnotdisappear
L correspondedcircleeventhasn'tbeddetectedyetㅋ

Each internal node

represents thebreakpoint between itsleftsubtree's rightmostsiteand rightsubtree's leftmostsite
stores tupleofsites Cpipit
points oneofthe halfedge ttheedgebeingtracedoutbythe breakpoint

Inthe event queue Q
priority Y coordinate 위에서부터아래로훑을것

Stores theupcomingevents thatare alreadyknown

t site
event its coordinate

circleevent lowestpointofthecirde tangenttothesweepline

w pointer theavewhichwilldisappear

Allthesiteeventsare known in advance but circle events are not
Onefinal issue detection ofcircleevents



4 Detection ofcircleEvents

recall

p 19 2 Titnst happensexactlywhen

q isthecenterofacircletoq Whichpassesthroughpo.pi.r.es
Threeconsecutive

arcs
and whoselowestpointlieson l

nee

Stategy
Check EVERYnewtriplesofconsegutive arcs whenever an eventoccurs
Wecaneasily eliminate some obvious notcircle events

There are twotypesofthreeconsequtivearcs Assurethenoncollinearcase

Type.PT
Twoedges madeby thesethreeconsequtire aris diverge
Thatis theywillnotmeetin the ftureTILI eliminatethedivergencecase

tightergetriplesofconstgutie arcs in Q
However notevery convergencecase is a circleevent too

There is a FALSEALARM

i

ftp tTo
convergeedes are blockedby anewedge

made by siteevents

tt 가닫혀변이후에는 가
포함되았으었은쐴았없다

Leng EveryVoronoi vertex is detectedbymeansof a circleevent



5 Algorithm exceptthe Voronoi diagram

otheem VORONOIDIAGRAMP

Input Pepi pnh a set ofsites intheplane

Initialize theeventqueueQwithallsiteevents

the balancedsearchtreeT

he Q notempty

D Remove the eventwithlargest y coordinate fromQ

If theeventis a siteevent at pi

矗
HANPESTEEVENPi
ie Theevent is a circleevent

Itpointsthe arc r bysitePithatwill disappear
HANDLESITEVENT r

HANDLESITEEVENTPi
1 If T insert pi Otherwise computestep2 4

2 Search in T forthe arc byP verticallyabovePi

묘뿌았 一 iii pointer t.in in a Piecethen it is a falsealarm tpe converge 11 DeletefromQ

3 Replacethe leafP in t with asubtreehavingthreeleaves

Sin TModifythetuplesstoredinthe internalrodes as well

Perform rebalancingoperations on T if necessary



4
A8inin99998g pspi B nl i

1 f ii4iandterightsiteisthesame
Iftheyconverge then insertthistriple into Q andaddthepointers

HANDLECIRCLEVENT5 Saythatthe arc t ismadebyasitepi
1 Deletethe leafPi in f
Updatetheinternal nodes

B 189Perform rebalancing

2

i옚있Tg ii deleteallcircleents involvingPifrom a

3
Addiwiii999cips.pe

i

If itis a convergecase insert intoQ Set pointers betweenQand t



6 Algorithm with the Voronoi diagram

VoronoiDiagram Doubly connected edge list

data Pointer

ve i6

outerboundary의somehaltedge

SOunbddface

ttsyy Onoinnerme
축발전 반대 edge의왼쪽facer_I.ae땟 전의것



HANDLESITEEVENTPi
1 If T insert pi Otherwise computestep2 4

2 Search in T forthe arc byP verticallyabovePi

fe.se모9윴옜옎앰一 i一 apointerto airdeevent in a
then it is a falsealarm tpe converge 11 DeletefromQ

3 Replacethe leafP in t with asubtreehavingthreeleaves

ftp TModifythetuplesstoredinthe internalrodes as well

Perform rebalancingoperations on T if necessary

4 InVoronoi diagram
Createnewhalfedgerecordson DEL 21

1
fortheedgeseparating Upi eN p
andpointer PiPi ET

i 兇iii99兜iT ps pi B li_i

1 f ii4iandterightsiteisthesame
Iftheyconverge then insertthistriple into Q andaddthepointers



HANDLECIRCLEVENT5 Saythatthe arc t ismadebyasitepi
1 Deletethe leafPi in f
Updatetheinternal nodes

B 189Perform rebalancing

2

i옚있ᵈTg ii deleteallcircleents involvingPifrom a

3 In Voronoi Diagram
Addthecenterofthecirclecausingtheent as avexrecordto DEL
Create twohalf edgerecords cowto thenewbreakpointofthebeachline

a.s e btnthem
properly.Yottachty_eehweco_rdst.tt halfedgerecordsthatendatthevertex

4
Addiwid99iips.pe i
If itis a convergecase insert intoQ Set pointersbetweenQand t



otheem VORONOIDIAGRAMP

Input Pepi pnh a set ofsites intheplane
output VorP given inside a boundingbox in a DCEL

Initialize theeventqueueQwithallsiteevents

the balancedsearchtreeT

he Q notempty

D Remove the eventwithlargest y coordinate fromQ

f theeventis a siteevent at pi

I HANDLESTEVET Pi

Ees ie Theevent is a circleevent
Itpointsthe arc r bysitePithatwill disappear
HANDLESITEVENT r

Left Internal nodes in f half infiniteedges

So compute a boundingbox thatcontains all verticesofthevoronoidiagraminitsinterior
Attach thehalf infinite edges to the boundingbox

by updatingthe DCEL properly

Output Traversethe haltedges ofthe DELto addthecell records
andthe pointers toandfromthem

face정보붙여줌

Lemma 7.9

The algorithm runs in O nlogn time and it uses Oln storage

pf operations on f and Q Ollogn
DCEL O 1

siteevent nin circleevent ofVorP 27 5

falsealam deleted O nlogn


