
Quantum Max-Cut
Changyeol Lee (Yonsei University)

Slides mainly based on Hwang et al. (2023, SODA)
“Unique Games hardness of Quantum Max-Cut, and a conjectured vector-valued Borell’s inequality”



Quantum Basics 

Presented by Changyeol Lee



Quantum basics

Qubit 𝜓𝜓 = 𝛼𝛼 0 + 𝛽𝛽 1 = 𝛼𝛼
𝛽𝛽 where 𝛼𝛼,𝛽𝛽 ∈ ℂ such that 𝛼𝛼𝛼𝛼∗ + 𝛽𝛽𝛽𝛽∗ = 1.

• 𝜓𝜓 𝜓𝜓 = 𝜓𝜓 𝜓𝜓 = 𝛼𝛼∗,𝛽𝛽∗ 𝛼𝛼
𝛽𝛽 = 𝛼𝛼𝛼𝛼∗ + 𝛽𝛽𝛽𝛽∗ = 1

• 𝜓𝜓 𝜓𝜓 = 𝛼𝛼
𝛽𝛽 𝛼𝛼∗,𝛽𝛽∗ = 𝛼𝛼𝛼𝛼∗ 𝛼𝛼𝛽𝛽∗

𝛽𝛽𝛼𝛼∗ 𝛽𝛽𝛽𝛽∗ (𝑡𝑡𝑡𝑡 𝜓𝜓 𝜓𝜓 = 1)

Tensor product

𝜓𝜓1𝜓𝜓2 = 𝜓𝜓1 ⊗ 𝜓𝜓2 =
𝛼𝛼1
𝛽𝛽1

⊗
𝛼𝛼2
𝛽𝛽2

=
𝛼𝛼1

𝛼𝛼2
𝛽𝛽2

𝛽𝛽1
𝛼𝛼2
𝛽𝛽2

=

𝛼𝛼1𝛼𝛼2
𝛼𝛼1𝛽𝛽2
𝛽𝛽1𝛼𝛼2
𝛽𝛽1𝛽𝛽2

𝐴𝐴⊗ 𝐵𝐵 =
𝐴𝐴00

𝐵𝐵00 𝐵𝐵01
𝐵𝐵10 𝐵𝐵11

𝐴𝐴01
𝐵𝐵00 𝐵𝐵01
𝐵𝐵10 𝐵𝐵11

𝐴𝐴01
𝐵𝐵00 𝐵𝐵01
𝐵𝐵10 𝐵𝐵11

𝐴𝐴11
𝐵𝐵00 𝐵𝐵01
𝐵𝐵10 𝐵𝐵11

Hermitian matrix 𝑀𝑀 = 𝑀𝑀∗

• 𝐼𝐼 = 1 0
0 1 , 𝑋𝑋 = 0 1

1 0 , 𝑌𝑌 = 0 −𝑖𝑖
𝑖𝑖 0 , 𝑍𝑍 = 1 0

0 −1 , 𝜓𝜓 𝜓𝜓 = 𝛼𝛼𝛼𝛼∗ 𝛼𝛼𝛽𝛽∗
𝛽𝛽𝛼𝛼∗ 𝛽𝛽𝛽𝛽∗
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Quantum basics

Fact. For any single qubit state 𝜓𝜓 , the matrix 𝜓𝜓 𝜓𝜓 can be uniquely written as 1
2
𝐼𝐼 + 𝑐𝑐𝑋𝑋𝑋𝑋 + 𝑐𝑐𝑌𝑌𝑌𝑌 + 𝑐𝑐𝑍𝑍𝑍𝑍

where 𝑐𝑐𝑋𝑋, 𝑐𝑐𝑌𝑌, 𝑐𝑐𝑍𝑍 is on the unit sphere in ℝ3.

proof)
1 0
0 0 =

1
2
𝐼𝐼 + 𝑍𝑍 , 0 1

0 0 =
1
2
𝑋𝑋 + 𝑖𝑖𝑌𝑌 , 0 0

1 0 =
1
2
𝑋𝑋 − 𝑖𝑖𝑌𝑌 , 0 0

0 1 =
1
2
𝐼𝐼 − 𝑍𝑍

1
2 𝛼𝛼𝛼𝛼∗ 𝐼𝐼 + 𝑍𝑍 + 𝛼𝛼𝛽𝛽∗ 𝑋𝑋 + 𝑖𝑖𝑌𝑌 + 𝛽𝛽𝛼𝛼∗ 𝑋𝑋 − 𝑖𝑖𝑌𝑌 + 𝛽𝛽𝛽𝛽∗ 𝐼𝐼 − 𝑍𝑍

=
1
2 𝛼𝛼𝛼𝛼∗ + 𝛽𝛽𝛽𝛽∗ 𝐼𝐼 + 𝛼𝛼𝛽𝛽∗ + 𝛽𝛽𝛼𝛼∗ 𝑋𝑋 + 𝑖𝑖𝛼𝛼𝛽𝛽∗ − 𝑖𝑖𝛽𝛽𝛼𝛼∗ 𝑌𝑌 + 𝛼𝛼𝛼𝛼∗ − 𝛽𝛽𝛽𝛽∗ 𝑍𝑍

=
1
2
𝐼𝐼 + 𝑐𝑐𝑋𝑋𝑋𝑋 + 𝑐𝑐𝑌𝑌𝑌𝑌 + 𝑐𝑐𝑍𝑍𝑍𝑍

Observe 𝑐𝑐𝑋𝑋, 𝑐𝑐𝑌𝑌, 𝑐𝑐𝑍𝑍 ∈ ℝ3 and 𝑐𝑐𝑋𝑋 , 𝑐𝑐𝑌𝑌, 𝑐𝑐𝑍𝑍 = 1.
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Quantum basics

Fact. For any single qubit state 𝜓𝜓 , the matrix 𝜓𝜓 𝜓𝜓 can be uniquely written as 1
2
𝐼𝐼 + 𝑐𝑐𝑋𝑋𝑋𝑋 + 𝑐𝑐𝑌𝑌𝑌𝑌 + 𝑐𝑐𝑍𝑍𝑍𝑍

where 𝑐𝑐𝑋𝑋, 𝑐𝑐𝑌𝑌, 𝑐𝑐𝑍𝑍 is on the unit sphere in ℝ3.

We will refer to this the vector 𝑐𝑐𝑋𝑋, 𝑐𝑐𝑌𝑌 , 𝑐𝑐𝑍𝑍 Bloch vector for 𝜓𝜓 .
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Background and Motivation
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Some background...

Hamiltonian of a system
An operator (or Hermitian matrix) s.t. each eigenvalue = one possible value of the system's total energy.

k-local Hamiltonian H
A Hermitian matrix acting on n qubits which is Σ(Hamiltonian Terms), each acting upon at most k qubits.

k-local Hamiltonian problem

Given a k-local Hamiltonian H, find the smallest eigenvalue λ of H

“Quantum analogue of k-CSPs (constraint satisfaction problems)”

wiki/Hamiltonian_(quantum_mechanics)
wiki/QMA#The_local_Hamiltonian_problem

(obtainable from a measurement)
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(= minimum energy of H)

∈ ℝ



2-local Hamiltonian problem
Given H=Σ(Hamiltonian Terms), each acting upon 2 qubits, find λmin.

→ Given a graph with n vertices (≈ qubits) and m edges (≈ Hamiltonian terms), find λmin.

Proposition. 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 𝐻𝐻 = min
𝑚𝑚 qubits state 𝜓𝜓

𝜓𝜓 𝐻𝐻 𝜓𝜓 . (= expectation value of 𝐻𝐻)

Slide from John Wright (UC Berkeley)

Some background...

𝐻𝐻 𝜓𝜓 = 𝜆𝜆 𝜓𝜓

𝜓𝜓 𝐻𝐻 𝜓𝜓 = 𝜓𝜓 𝜆𝜆 𝜓𝜓

𝜓𝜓 𝐻𝐻 𝜓𝜓 = 𝜆𝜆 𝜓𝜓 𝜓𝜓

𝜓𝜓 𝐻𝐻 𝜓𝜓 = 𝜆𝜆
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(Quantum) Heisenberg model
A family of 2-local Hamiltonians first studied by Heisenberg (1928).

The anti-ferromagnetic Heisenberg XYZ model
Given a system 𝐺𝐺, 

𝐻𝐻𝐺𝐺HEIS ≔ �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

𝑋𝑋𝑢𝑢 ⊗ 𝑋𝑋𝑣𝑣 + 𝑌𝑌𝑢𝑢 ⊗ 𝑌𝑌𝑣𝑣 + 𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣 ⊗ 𝐼𝐼𝑉𝑉\{𝑢𝑢,𝑣𝑣}

Figure from [arXiv:1203.4565v4]

Some background...
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Each Hamiltonian Term acts on 2 qubits 𝑢𝑢 and 𝑣𝑣

There are 𝑚𝑚 number of 
Hamiltonian Terms



A natural maximization version of the anti-ferromagnetic Heisenberg XYZ model.

“Hamiltonian” for Quantum Max-Cut

𝐻𝐻𝐺𝐺 ≔ �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4
𝐼𝐼𝑢𝑢 ⊗ 𝐼𝐼𝑣𝑣 − 𝑋𝑋𝑢𝑢 ⊗ 𝑋𝑋𝑣𝑣 − 𝑌𝑌𝑢𝑢 ⊗ 𝑌𝑌𝑣𝑣 − 𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣

The objective is to find
𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 𝐻𝐻𝐺𝐺 = max

𝑚𝑚 qubits state 𝜓𝜓
𝜓𝜓 𝐻𝐻𝐺𝐺 𝜓𝜓

• Max energy state of 𝐻𝐻𝐺𝐺 ≡ Min energy state of 𝐻𝐻𝐺𝐺HEIS

However, two variants differ is in their approximability (more details later)

• 𝐻𝐻𝐺𝐺 is an operator, not a quantum gate (i.e., not unitary).

• And no quantum circuit today!

Quantum Max-Cut

Presented by Changyeol Lee 10

𝐻𝐻 =
1
4
𝐼𝐼 ⊗ 𝐼𝐼 − 𝑋𝑋 ⊗ 𝑋𝑋 − 𝑌𝑌⊗ 𝑌𝑌 − 𝑍𝑍 ⊗ 𝑍𝑍

𝐻𝐻 =

0 0
0 1/2

0 0
−1/2 0

0 −1/2
0 0

1/2 0
0 0



Max-Cut

Given a graph 𝐺𝐺 = 𝑉𝑉,𝐸𝐸 , a cut is a function 𝑓𝑓:𝑉𝑉 → ±1 .

We say an edge 𝑢𝑢, 𝑣𝑣 is on the cut 𝑓𝑓 iff 𝑓𝑓 𝑢𝑢 ≠ 𝑓𝑓 𝑣𝑣 iff 1
2

1 − 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣 = 1.

The value of the cut 𝑓𝑓 is #(edges on 𝑓𝑓) = ∑ 𝑢𝑢,𝑣𝑣 ∈𝐸𝐸
1
2

1 − 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣 .

Find the value of the max cut, i.e., find

max
𝑓𝑓:𝑉𝑉→ ±1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2 1 − 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣
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Why Quantum “Max-Cut”?

Consider 𝐻𝐻′ ≔ 𝐼𝐼 ⊗ 𝐼𝐼 − 𝑍𝑍 ⊗ 𝑍𝑍

𝐼𝐼 ⊗ 𝐼𝐼 = 1 0
0 1 ⊗ 1 0

0 1 =
1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

, 𝑍𝑍 ⊗ 𝑍𝑍 = 1 0
0 −1 ⊗ 1 0

0 −1 =
1 0
0 −1

0 0
0 0

0 0
0 0

−1 0
0 1

𝐼𝐼 ⊗ 𝐼𝐼 − 𝑍𝑍 ⊗ 𝑍𝑍 =
0 0
0 2

0 0
0 0

0 0
0 0

2 0
0 0

What is a maximum energy state of 𝐻𝐻′?
00 𝐻𝐻′ 00 = 0

01 𝐻𝐻′ 01 = 2

10 𝐻𝐻′ 10 = 2

11 𝐻𝐻′ 11 = 0
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Why Quantum “Max-Cut”?

Consider 𝐻𝐻𝐺𝐺′ = 1
2
∑ 𝑢𝑢,𝑣𝑣 ∈𝐸𝐸 𝐼𝐼𝑢𝑢 ⊗ 𝐼𝐼𝑣𝑣 − 𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣 .

A state with max energy of 𝐻𝐻𝐺𝐺′ corresponds to max cut of 𝐺𝐺.

max
𝑓𝑓:𝑉𝑉→ ±1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2 1 − 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2 𝐼𝐼𝑢𝑢 ⊗ 𝐼𝐼𝑣𝑣 − 𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣
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Why Quantum “Max-Cut”?

𝐻𝐻𝐺𝐺 ≔ �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4
𝐼𝐼𝑢𝑢 ⊗ 𝐼𝐼𝑣𝑣 − 𝑋𝑋𝑢𝑢 ⊗ 𝑋𝑋𝑣𝑣 − 𝑌𝑌𝑢𝑢 ⊗ 𝑌𝑌𝑣𝑣 − 𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣

• −𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣: measure in 𝑍𝑍 basis, -1 if same, +1 if different

Similarly,

• −𝑋𝑋𝑢𝑢 ⊗ 𝑋𝑋𝑣𝑣: measure in 𝑋𝑋 basis, -1 if same, +1 if different

• −𝑌𝑌𝑢𝑢 ⊗ 𝑌𝑌𝑣𝑣: measure in 𝑌𝑌 basis, -1 if same, +1 if different

Similar to classical Max-Cut in 𝑋𝑋,𝑌𝑌 and 𝑍𝑍 bases.
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Why Quantum “Max-Cut”?

One more analogy…?

max
𝑓𝑓:𝑉𝑉→ ±1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2

1 − 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣 = max
𝑚𝑚∈ ±1 𝑉𝑉

𝑥𝑥𝑇𝑇𝐿𝐿𝐺𝐺𝑥𝑥

where 𝐿𝐿𝐺𝐺 = 𝐷𝐷 − 𝐴𝐴 is the Laplacian matrix of 𝐺𝐺.

Recall,
𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 𝐻𝐻𝐺𝐺 = max

𝑚𝑚 qubits state 𝜓𝜓
𝜓𝜓 𝐻𝐻𝐺𝐺 𝜓𝜓
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Approximability. Quantum Max-Cut vs Heisenberg model

For the Quantum Max-Cut 𝐻𝐻𝐺𝐺
• 0.498-approx. (Gharibian and Parekh, 2019)

• outputs a product state using basic SDP

• 0.531-approx. (Anshu, Gosset and Morenz, 2020)

• 0.533-approx. (Parekh and Thompson, 2020)

• …

• 0.584-approx. (Lee, 2024)

• outputs products of at most 2-qubit states (using level-2 Quantum Lasserre SDP)

For the anti-ferromagnetic Heisenberg XYZ model 𝐻𝐻𝐺𝐺HEIS

• 𝑂𝑂 log𝑛𝑛 -approx. (Bravyi et al., 2019)

• outputs a product state
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Approximability. Max-Cut vs Ising model

For the Max-Cut max
𝑓𝑓:𝑉𝑉→ ±1

∑ 𝑢𝑢,𝑣𝑣 ∈𝐸𝐸
1
2

1 − 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣

• 0.878-approx. (Goemans and Williamson, 1995)

• uses basic SDP

• optimal unless P=NP assuming UGC (Unique Game Conjecture)

For the (anti-ferromagnetic) Ising model min
𝑓𝑓:𝑉𝑉→ ±1

∑ 𝑢𝑢,𝑣𝑣 ∈𝐸𝐸 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣

• 𝑂𝑂 log𝑛𝑛 -approx. (Charikar and Wirth, 2004)
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Max-Cut Algorithm
Goemans and Williamson (1995)
Briёt, Oliveira, and Vallentin (2010) 
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Max-Cut and SDP relaxation

Let 𝑆𝑆𝑑𝑑−1 ≔ 𝑥𝑥 ∈ ℝ𝑑𝑑 | 𝑥𝑥 = 1 be the 𝑑𝑑-dimensional unit sphere in ℝ𝑑𝑑.

MC 𝐺𝐺 ≔ max
𝑓𝑓:𝑉𝑉→𝑆𝑆0

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2 1 − 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣

SDP relaxation of Max-Cut:

SDPMC 𝐺𝐺 ≔ max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2

1 − 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣

Why is it a relaxation? 
• Consider any 𝑓𝑓:𝑉𝑉 → 𝑆𝑆0. Let 𝑓𝑓SDP 𝑢𝑢 = 𝑓𝑓 𝑢𝑢 , 0, … , 0 ∈ 𝑆𝑆𝑚𝑚−1. Clearly, 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣 = 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

Thus, we have SDPMC 𝐺𝐺 ≥ MC 𝐺𝐺 .

Note. We can find 𝑓𝑓SDP of value SDPMC 𝐺𝐺 − 𝜖𝜖 in time poly 𝑛𝑛 ⋅ log 1/𝜖𝜖.
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“Hyperplane” rounding 𝑓𝑓SDP:𝑉𝑉 → 𝑆𝑆𝑚𝑚−1 into 𝑓𝑓:𝑉𝑉 → 𝑆𝑆0

1. Sample a random 1 × 𝑛𝑛 vector (hyperplane) 𝒛𝒛 = 𝑧𝑧1, … , 𝑧𝑧𝑚𝑚 consisting of 𝑛𝑛 i.i.d. standard Gaussians.

2. For each 𝑢𝑢 ∈ 𝑉𝑉, set 𝑓𝑓 𝑢𝑢 = sign 𝒛𝒛𝑓𝑓SDP 𝑢𝑢 = 𝒛𝒛𝑓𝑓SDP 𝑢𝑢
𝒛𝒛𝑓𝑓SDP 𝑢𝑢

i.e., project the vector 𝑓𝑓SDP 𝑢𝑢 onto the hyperplane 𝒛𝒛 and check its sign.

Goemans and Williamson (1995) showed that for each 𝑢𝑢, 𝑣𝑣 ∈ 𝐸𝐸,

𝔼𝔼𝒛𝒛
1
2 1 − 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣 ≥

2 arccos𝜌𝜌𝑢𝑢𝑣𝑣
𝜋𝜋 1 − 𝜌𝜌𝑢𝑢𝑣𝑣

⋅
1
2 1 − 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣

where 𝜌𝜌𝑢𝑢𝑣𝑣 ≔ 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 . 

Let 𝛼𝛼GW ≔ min
𝜌𝜌∈ −1,1

2 arccos 𝜌𝜌
𝜋𝜋 1−𝜌𝜌

> 0.878. 

By linearity of expectation, 

𝔼𝔼𝒛𝒛 �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2 1 − 𝑓𝑓 𝑢𝑢 𝑓𝑓 𝑣𝑣 ≥ 𝛼𝛼GW ⋅ �

𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2 1 − 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 = 𝛼𝛼GW ⋅ SDPMC 𝐺𝐺 > 0.878 ⋅ MC 𝐺𝐺

ignoring additive error of 𝜖𝜖
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prob. 𝑢𝑢, 𝑣𝑣 on 𝑓𝑓 SDPMC 𝑢𝑢, 𝑣𝑣ratio



Rank 𝑘𝑘 Max-Cut and SDP relaxation

MC𝑘𝑘 𝐺𝐺 ≔ max
𝑓𝑓:𝑉𝑉→𝑆𝑆𝑘𝑘−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2

1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣

SDPMC 𝐺𝐺 ≔ max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
2

1 − 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣

“Projection” rounding (𝑓𝑓SDP:𝑉𝑉 → 𝑆𝑆𝑚𝑚−1 into 𝑓𝑓:𝑉𝑉 → 𝑆𝑆𝑘𝑘−1)

- Sample a random 𝑘𝑘 × 𝑛𝑛 matirx 𝒁𝒁 consisting of 𝑘𝑘𝑛𝑛 i.i.d. standard Gaussians; and ∀𝑢𝑢 ∈ 𝑉𝑉, 𝑓𝑓 𝑢𝑢 = 𝒁𝒁𝑓𝑓SDP 𝑢𝑢
𝒁𝒁𝑓𝑓SDP 𝑢𝑢

.

Briёt, Oliveira, and Vallentin (2010) showed

𝔼𝔼𝒁𝒁
1
2 1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣 ≥

1 − 𝐹𝐹∗ 𝑘𝑘,𝜌𝜌𝑢𝑢𝑣𝑣
1 − 𝜌𝜌𝑢𝑢𝑣𝑣

⋅
1
2 1 − 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣

where 𝐹𝐹∗ 𝑘𝑘,𝜌𝜌 = 2
𝑘𝑘

Γ 𝑘𝑘+1
2

Γ 𝑘𝑘
2

2

𝜌𝜌 ⋅ 2𝐹𝐹1
1
2

, 1
2

; 𝑘𝑘
2

+ 1;𝜌𝜌2 where 2𝐹𝐹1 ⋅,⋅;⋅;⋅ is the Gaussian hypergeometric function.

Let 𝛼𝛼BOV 𝑘𝑘 ≔ min
𝜌𝜌∈ −1,1

1−𝐹𝐹∗ 𝑘𝑘,𝜌𝜌
1−𝜌𝜌

.  𝛼𝛼BOV 1 = 𝛼𝛼GW > 0.878, 𝛼𝛼BOV 2 > 0.934, 𝛼𝛼BOV 3 > 0.956, ⋯ , 𝛼𝛼BOV 𝑚𝑚 = 1
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Quantum Max-Cut Algorithm
Gharibian and Parekh (2019) 

Presented by Changyeol Lee



Quantum Max-Cut algorithm and ansatz

Given 𝐻𝐻𝐺𝐺 ≔ ∑ 𝑢𝑢,𝑣𝑣 ∈𝐸𝐸
1
4
𝐼𝐼𝑢𝑢 ⊗ 𝐼𝐼𝑣𝑣 − 𝑋𝑋𝑢𝑢 ⊗ 𝑋𝑋𝑣𝑣 − 𝑌𝑌𝑢𝑢 ⊗ 𝑌𝑌𝑣𝑣 − 𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣 , 

find QMC 𝐺𝐺 ≔ max
𝑚𝑚 qubits state 𝜓𝜓

𝜓𝜓 𝐻𝐻𝐺𝐺 𝜓𝜓 or optimal 𝜓𝜓 .

We consider a classical algorithm.
• Output a quantum state 𝜓𝜓 = Describe 𝜓𝜓 classically

• 𝜓𝜓 must be efficiently describable.

Q. How to design an ansatz to obtain a good approximation ratio?

• 0.498-approximation algorithm of Gharibian and Parekh (2019) uses a product state.

𝜓𝜓 = 𝜓𝜓1 ⊗ 𝜓𝜓2 ⊗⋯⊗ 𝜓𝜓𝑚𝑚
• Subsequent works (with better ratio) uses a products of at most 2-qubit states. E.g.,

𝜓𝜓 = 𝜓𝜓12 ⊗ 𝜓𝜓3 ⊗⋯⊗ 𝜓𝜓𝑚𝑚
(entangled)
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(also efficiently describable)



Quantum Max-Cut algorithm and product state ansatz

Given 𝐻𝐻𝐺𝐺 ≔ ∑ 𝑢𝑢,𝑣𝑣 ∈𝐸𝐸
1
4
𝐼𝐼𝑢𝑢 ⊗ 𝐼𝐼𝑣𝑣 − 𝑋𝑋𝑢𝑢 ⊗ 𝑋𝑋𝑣𝑣 − 𝑌𝑌𝑢𝑢 ⊗ 𝑌𝑌𝑣𝑣 − 𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣 ,

find QMC 𝐺𝐺 ≔ max
𝑚𝑚 qubits state 𝜓𝜓

𝜓𝜓 𝐻𝐻𝐺𝐺 𝜓𝜓 or optimal 𝜓𝜓 .

We focus on the product state ansatz. 𝜓𝜓 = 𝜓𝜓1 ⊗ 𝜓𝜓2 ⊗⋯⊗ 𝜓𝜓𝑚𝑚

The product state value of 𝐻𝐻𝐺𝐺 is
QMCPROD 𝐺𝐺 ≔ max

𝜓𝜓𝐺𝐺 =⊗𝑣𝑣∈𝑉𝑉 𝜓𝜓𝑣𝑣 ∶
1 qubit state 𝜓𝜓𝑣𝑣

𝜓𝜓𝐺𝐺 𝐻𝐻𝐺𝐺 𝜓𝜓𝐺𝐺

Somehow, we want to use the projection rounding.

Can we rewrite QMCPROD 𝐺𝐺 like MC𝑘𝑘 𝐺𝐺 = max
𝑓𝑓:𝑉𝑉→𝑆𝑆𝑘𝑘−1

∑ 𝑢𝑢,𝑣𝑣 ∈𝐸𝐸
1
2

1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣 ?
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Rewriting the product state value

Proposition. QMCPROD 𝐺𝐺 = max
𝜓𝜓𝐺𝐺 =⊗𝑣𝑣∈𝑉𝑉 𝜓𝜓𝑣𝑣 ∶
1 qubit state 𝜓𝜓𝑣𝑣

𝜓𝜓𝐺𝐺 𝐻𝐻𝐺𝐺 𝜓𝜓𝐺𝐺 = 𝐦𝐦𝐦𝐦𝐦𝐦
𝒇𝒇 :𝑽𝑽→𝑺𝑺𝟐𝟐

∑ 𝒖𝒖,𝒗𝒗 ∈𝑬𝑬
𝟏𝟏
𝟒𝟒
𝟏𝟏 − 𝒇𝒇 𝒖𝒖 ,𝒇𝒇 𝒗𝒗 .

proof)   First observe 𝜓𝜓𝐺𝐺 𝐻𝐻𝐺𝐺 𝜓𝜓𝐺𝐺 = 𝑡𝑡𝑡𝑡 𝐻𝐻𝐺𝐺 𝜓𝜓𝐺𝐺 𝜓𝜓𝐺𝐺 = 𝑡𝑡𝑡𝑡 𝐻𝐻𝐺𝐺 ⊗𝑣𝑣∈𝑉𝑉 𝜓𝜓𝑣𝑣 𝜓𝜓𝑣𝑣 .

For each 𝑣𝑣 ∈ 𝑉𝑉, let 𝑓𝑓 𝑣𝑣 = 𝑣𝑣𝑋𝑋, 𝑣𝑣𝑌𝑌, 𝑣𝑣𝑍𝑍 ∈ 𝑆𝑆2 be the Bloch vector for 𝜓𝜓𝑣𝑣 .

Fix any 𝑢𝑢, 𝑣𝑣 ∈ 𝐸𝐸.

𝑡𝑡𝑡𝑡
1
4 𝐼𝐼𝑢𝑢 ⊗ 𝐼𝐼𝑣𝑣 − 𝑋𝑋𝑢𝑢 ⊗ 𝑋𝑋𝑣𝑣 − 𝑌𝑌𝑢𝑢 ⊗ 𝑌𝑌𝑣𝑣 − 𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣 ⋅ 𝜓𝜓𝑢𝑢 𝜓𝜓𝑢𝑢 ⊗ 𝜓𝜓𝑣𝑣 𝜓𝜓𝑣𝑣

= 𝑡𝑡𝑡𝑡
1
4 𝐼𝐼 ⊗ 𝐼𝐼 − 𝑋𝑋⊗ 𝑋𝑋 − 𝑌𝑌 ⊗ 𝑌𝑌 − 𝑍𝑍⊗ 𝑍𝑍 ⋅

1
2 𝐼𝐼 + 𝑢𝑢𝑋𝑋𝑋𝑋 + 𝑢𝑢𝑌𝑌𝑌𝑌 + 𝑢𝑢𝑍𝑍𝑍𝑍 ⊗

1
2 𝐼𝐼 + 𝑣𝑣𝑋𝑋𝑋𝑋 + 𝑣𝑣𝑌𝑌𝑌𝑌 + 𝑣𝑣𝑍𝑍𝑍𝑍

=
1
4

1 − 𝑢𝑢𝑋𝑋𝑣𝑣𝑋𝑋 − 𝑢𝑢𝑌𝑌𝑣𝑣𝑌𝑌 − 𝑢𝑢𝑍𝑍𝑣𝑣𝑍𝑍

=
1
4

1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣

𝑋𝑋2 = 𝑌𝑌2 = 𝑍𝑍2 = 𝐼𝐼
𝑋𝑋𝑌𝑌 = 𝑖𝑖𝑍𝑍,𝑌𝑌𝑍𝑍 = 𝑖𝑖𝑋𝑋, and 𝑍𝑍𝑋𝑋 = 𝑖𝑖𝑌𝑌
𝑋𝑋𝑌𝑌 = −𝑌𝑌𝑋𝑋,𝑌𝑌𝑍𝑍 = −𝑍𝑍𝑌𝑌, and 𝑍𝑍𝑋𝑋 = −𝑋𝑋𝑍𝑍
𝑡𝑡𝑡𝑡[𝑋𝑋] = 𝑡𝑡𝑡𝑡[𝑌𝑌] = 𝑡𝑡𝑡𝑡[𝑍𝑍] = 0
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Quantum Max-Cut algorithm and product state ansatz

QMCPROD 𝐺𝐺 ≔ max
𝑓𝑓:𝑉𝑉→𝑆𝑆2

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣

Note. QMCPROD 𝐺𝐺 ≤ 1
2
⋅ 𝐸𝐸 always (even when QMC 𝐺𝐺 can be as large as 𝐸𝐸 ).

Observation. QMCPROD 𝐺𝐺 = 1
2
⋅ MC3 𝐺𝐺 .

Can we apply the algorithm of Briёt, Oliveira, and Vallentin (2010) for Rank 3 Max-Cut?

Presented by Changyeol Lee 26



Quantum Max-Cut algorithm and product state ansatz

QMCPROD 𝐺𝐺 ≔ max
𝑓𝑓:𝑉𝑉→𝑆𝑆2

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣

Claim. Similar to Rank 3 Max-Cut, we obtain an algorithm with approximation ratio 𝛼𝛼BOV 3 .

1. SDP Relaxation of QMC 𝐺𝐺

SDP 𝐺𝐺 ≔ max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣

2. Projection rounding

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

𝔼𝔼𝒁𝒁
1
4 1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣 ≥ 𝛼𝛼BOV 3 ⋅ �

𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 − 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 = 𝛼𝛼BOV 3 ⋅ SDP 𝐺𝐺
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Quantum Max-Cut algorithm and product state ansatz

QMCPROD 𝐺𝐺 ≔ max
𝑓𝑓:𝑉𝑉→𝑆𝑆2

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣

Wrong Claim. Similar to Rank 3 Max-Cut, we obtain an algorithm with approximation ratio 𝛼𝛼BOV 3 > 0.956.

1. SDP Relaxation of QMC 𝐺𝐺

SDP 𝐺𝐺 ≔ max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣

2. Projection rounding

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

𝔼𝔼𝒁𝒁
1
4 1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣 ≥ 𝛼𝛼BOV 3 ⋅ �

𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 − 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 = 𝛼𝛼BOV 3 ⋅ SDP 𝐺𝐺
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Quantum Max-Cut algorithm and product state ansatz

QMCPROD 𝐺𝐺 ≔ max
𝑓𝑓:𝑉𝑉→𝑆𝑆2

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣

Correct Claim. There is an algorithm that outputs a value ≥ 𝛼𝛼BOV 3 ⋅ (best) product state value .

To say “there is an algorithm that outputs a value ≥ 𝛼𝛼 ⋅ QMC 𝐺𝐺 ” using a similar arguments, 

we need a valid relaxation.
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SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

Let 𝜓𝜓 be a 𝑛𝑛-qubit quantum state. The energy of 𝜓𝜓 is as follows:

𝜓𝜓 𝐻𝐻𝐺𝐺 𝜓𝜓 = �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4
𝜓𝜓 𝐼𝐼𝑢𝑢 ⊗ 𝐼𝐼𝑣𝑣 − 𝑋𝑋𝑢𝑢 ⊗ 𝑋𝑋𝑣𝑣 − 𝑌𝑌𝑢𝑢 ⊗ 𝑌𝑌𝑣𝑣 − 𝑍𝑍𝑢𝑢 ⊗ 𝑍𝑍𝑣𝑣 𝜓𝜓

Consider 3𝑛𝑛 number of vectors 𝜎𝜎𝑢𝑢 𝜓𝜓 for all 𝜎𝜎 ∈ 𝑋𝑋,𝑌𝑌,𝑍𝑍 and for all 𝑢𝑢 ∈ 𝑉𝑉.

Let 𝑀𝑀 be a 3𝑛𝑛 × 3𝑛𝑛 (Gram) matrix whose rows and columns are indexed by 𝜎𝜎𝑢𝑢 such that

𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ = 𝜎𝜎𝑢𝑢 𝜓𝜓 ,𝜎𝜎′𝑣𝑣 𝜓𝜓 = 𝜓𝜓 𝜎𝜎𝑢𝑢𝜎𝜎𝑣𝑣′ 𝜓𝜓 .

Then 𝜓𝜓 𝐻𝐻𝐺𝐺 𝜓𝜓 = ∑ 𝑢𝑢,𝑣𝑣 ∈𝐸𝐸
1
4

1 −𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 .
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→ We write a program that maximizes 𝜓𝜓 𝐻𝐻𝐺𝐺 𝜓𝜓 over all “valid” matrix 𝑀𝑀.
“Valid relaxation”



SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

Let us derive some constraint that 𝑀𝑀 satisfies.
(1) 𝑀𝑀 is Hermitian and PSD.

(2) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢 = 1 for each 𝜎𝜎𝑢𝑢.

(3) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ = 𝑀𝑀 𝜎𝜎𝑣𝑣′ ,𝜎𝜎𝑢𝑢 for each 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ s.t. 𝑢𝑢 ≠ 𝑣𝑣. (Only real part exists.)

(4) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢′ = −𝑀𝑀 𝜎𝜎𝑢𝑢′ ,𝜎𝜎𝑢𝑢 for each 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢′ s.t. 𝜎𝜎 ≠ 𝜎𝜎′. (No real part exists.)

We solve the following optimization problem using SDP:

maximize SDPQMC 𝐺𝐺 = �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 −𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 ,

subject to 1 − 4 .
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SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

Let us derive some constraint that 𝑀𝑀 satisfies.
(1) 𝑀𝑀 is Hermitian and PSD.

(2) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢 = 1 for each 𝜎𝜎𝑢𝑢.

(3) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ = 𝑀𝑀 𝜎𝜎𝑣𝑣′ ,𝜎𝜎𝑢𝑢 for each 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ s.t. 𝑢𝑢 ≠ 𝑣𝑣. (Only real part exists.)

(4) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢′ = −𝑀𝑀 𝜎𝜎𝑢𝑢′ ,𝜎𝜎𝑢𝑢 for each 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢′ s.t. 𝜎𝜎 ≠ 𝜎𝜎′. (No real part exists.)

We solve the following optimization problem using SDP:

maximize SDPQMC 𝐺𝐺 = �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 −𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 ,

subject to 1 − 4 .
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SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

Let us derive some constraint that 𝑀𝑀 satisfies.
(1) 𝑀𝑀 is Hermitian and PSD.

(2) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢 = 1 for each 𝜎𝜎𝑢𝑢.

(3) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ = 𝑀𝑀 𝜎𝜎𝑣𝑣′ ,𝜎𝜎𝑢𝑢 for each 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ s.t. 𝑢𝑢 ≠ 𝑣𝑣. (Only real part exists.)

(4) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢′ = 0 for each 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢′ s.t. 𝜎𝜎 ≠ 𝜎𝜎′. (Trivially, only real part exists.)

We solve the following optimization problem using SDP:

maximize SDPQMC 𝐺𝐺 = �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 −𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 ,

subject to 1 − 4 .
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SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

Let us derive some constraint that 𝑀𝑀 satisfies.
(1) 𝑀𝑀 is symmetric and PSD.

(2) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢 = 1 for each 𝜎𝜎𝑢𝑢.

(3) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ = 𝑀𝑀 𝜎𝜎𝑣𝑣′ ,𝜎𝜎𝑢𝑢 for each 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ s.t. 𝑢𝑢 ≠ 𝑣𝑣. (Only real part exists.)

(4) 𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢′ = 0 for each 𝜎𝜎𝑢𝑢,𝜎𝜎𝑢𝑢′ s.t. 𝜎𝜎 ≠ 𝜎𝜎′. (Trivially, only real part exists.)

We solve the following optimization problem using SDP:

maximize SDPQMC 𝐺𝐺 = �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 −𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 − 𝑀𝑀 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 ,

subject to 1 , 2 and 4 .
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SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

Since 𝑀𝑀 is real, symmetric 3𝑛𝑛 × 3𝑛𝑛 PSD matrix, there exists a function 𝑔𝑔:𝑉𝑉 × 𝑋𝑋,𝑌𝑌,𝑍𝑍 → ℝ3𝑚𝑚 such that

𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ = 𝑔𝑔 𝑢𝑢,𝜎𝜎 ,𝑔𝑔 𝑣𝑣,𝜎𝜎′ .

maximize SDPQMC 𝐺𝐺 =
1
4 �

𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1 − 𝑔𝑔 𝑢𝑢,𝑋𝑋 ,𝑔𝑔 𝑣𝑣,𝑋𝑋 − 𝑔𝑔 𝑢𝑢,𝑌𝑌 ,𝑔𝑔 𝑣𝑣,𝑌𝑌 − 𝑔𝑔 𝑢𝑢,𝑍𝑍 ,𝑔𝑔 𝑣𝑣,𝑍𝑍 ,

subject to
𝑔𝑔 𝑢𝑢,𝜎𝜎 ,𝑔𝑔 𝑢𝑢,𝜎𝜎′ = 0, ∀𝑢𝑢 ∈ 𝑉𝑉,𝜎𝜎 ≠ 𝜎𝜎′ ∈ 𝑋𝑋,𝑌𝑌,𝑍𝑍 ,
𝑔𝑔 ⋅,𝜎𝜎 :𝑉𝑉 → 𝑆𝑆3𝑚𝑚−1, ∀𝜎𝜎 ∈ 𝑋𝑋,𝑌𝑌,𝑍𝑍 .
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SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑺𝑺𝒏𝒏−𝟏𝟏

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

Since 𝑀𝑀 is real, symmetric 3𝑛𝑛 × 3𝑛𝑛 PSD matrix, there exists a function 𝑔𝑔:𝑉𝑉 × 𝑋𝑋,𝑌𝑌,𝑍𝑍 → ℝ3𝑚𝑚 such that

𝑀𝑀 𝜎𝜎𝑢𝑢,𝜎𝜎𝑣𝑣′ = 𝑔𝑔 𝑢𝑢,𝜎𝜎 ,𝑔𝑔 𝑣𝑣,𝜎𝜎′ .

maximize SDPQMC 𝐺𝐺 =
1
4 �

𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1 − 𝑔𝑔 𝑢𝑢,𝑋𝑋 ,𝑔𝑔 𝑣𝑣,𝑋𝑋 − 𝑔𝑔 𝑢𝑢,𝑌𝑌 ,𝑔𝑔 𝑣𝑣,𝑌𝑌 − 𝑔𝑔 𝑢𝑢,𝑍𝑍 ,𝑔𝑔 𝑣𝑣,𝑍𝑍 ,

subject to
𝑔𝑔 𝑢𝑢,𝜎𝜎 ,𝑔𝑔 𝑢𝑢,𝜎𝜎′ = 0, ∀𝑢𝑢 ∈ 𝑉𝑉,𝜎𝜎 ≠ 𝜎𝜎′ ∈ 𝑋𝑋,𝑌𝑌,𝑍𝑍 ,
𝑔𝑔 ⋅,𝜎𝜎 :𝑉𝑉 → 𝑺𝑺𝟑𝟑𝒏𝒏−𝟏𝟏, ∀𝜎𝜎 ∈ 𝑋𝑋,𝑌𝑌,𝑍𝑍 .
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SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

LHS ≤ RHS
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SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

LHS ≤ RHS
SDPQMC 𝐺𝐺

=
1
4 �

𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1 − 𝑔𝑔∗ 𝑢𝑢,𝑋𝑋 ,𝑔𝑔∗ 𝑣𝑣,𝑋𝑋 − 𝑔𝑔∗ 𝑢𝑢,𝑌𝑌 ,𝑔𝑔∗ 𝑣𝑣,𝑌𝑌 − 𝑔𝑔∗ 𝑢𝑢,𝑍𝑍 ,𝑔𝑔∗ 𝑣𝑣,𝑍𝑍

= �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
3 ⋅

1
4 1 − 3 𝑔𝑔∗ 𝑢𝑢,𝑋𝑋 ,𝑔𝑔∗ 𝑣𝑣,𝑋𝑋 +

1
3 ⋅

1
4 1 − 3 𝑔𝑔∗ 𝑢𝑢,𝑌𝑌 ,𝑔𝑔∗ 𝑣𝑣,𝑌𝑌 +

1
3 ⋅

1
4 1 − 3 𝑔𝑔∗ 𝑢𝑢,𝑍𝑍 ,𝑔𝑔∗ 𝑣𝑣,𝑍𝑍

≤ max
𝜎𝜎∈ 𝑋𝑋,𝑌𝑌,𝑍𝑍

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 − 3 𝑔𝑔∗ 𝑢𝑢,𝜎𝜎 ,𝑔𝑔∗ 𝑣𝑣,𝜎𝜎 ≤ max

𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1
�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣
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SDP relaxation for Quantum Max-Cut

Proposition.

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 .

LHS ≤ RHS

RHS ≤ LHS

Let 𝑔𝑔 𝑢𝑢,𝜎𝜎𝑚𝑚 ≔ 𝑒𝑒𝑚𝑚 ⊗ 𝑓𝑓SDP∗ 𝑣𝑣 where 𝜎𝜎1 = 𝑋𝑋,𝜎𝜎2 = 𝑌𝑌 and 𝜎𝜎3 = 𝑍𝑍 and 𝑒𝑒1, 𝑒𝑒2, 𝑒𝑒3 are standard basis of ℝ3.

𝑔𝑔 is feasible solution to the program, i.e., 
𝑔𝑔 𝑢𝑢,𝜎𝜎 ,𝑔𝑔 𝑢𝑢,𝜎𝜎′ = 0, ∀𝑢𝑢 ∈ 𝑉𝑉,𝜎𝜎 ≠ 𝜎𝜎′ ∈ 𝑋𝑋,𝑌𝑌,𝑍𝑍 ,
𝑔𝑔 ⋅,𝜎𝜎 :𝑉𝑉 → 𝑆𝑆3𝑚𝑚−1, ∀𝜎𝜎 ∈ 𝑋𝑋,𝑌𝑌,𝑍𝑍 .

and its objective value is equal to ∑ 𝑢𝑢,𝑣𝑣 ∈𝐸𝐸
1
4

1 − 3 𝑓𝑓SDP∗ 𝑢𝑢 , 𝑓𝑓SDP∗ 𝑣𝑣 .
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Quantum Max-Cut algorithm

QMCPROD 𝐺𝐺 = max
𝑓𝑓:𝑉𝑉→𝑆𝑆2

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣

(1) Compute an optimal 𝑓𝑓SDP and 

(2) Apply the projection rounding (sample a matrix 𝒁𝒁~𝑁𝑁 0,1 3×𝑚𝑚 and ∀𝑢𝑢 ∈ 𝑉𝑉, 𝑓𝑓 𝑢𝑢 = 𝒁𝒁𝑓𝑓SDP 𝑢𝑢
𝒁𝒁𝑓𝑓SDP 𝑢𝑢

)

Gharibian and Parekh (2019) showed, for any edge 𝑢𝑢, 𝑣𝑣 ∈ 𝐸𝐸,

𝔼𝔼𝒁𝒁
1
4 1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣 ≥

1 − 𝐹𝐹∗ 3, 𝜌𝜌𝑢𝑢𝑣𝑣
1 − 3𝜌𝜌𝑢𝑢𝑣𝑣

⋅
1
4 1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣

Let 𝛼𝛼GP ≔ min
𝜌𝜌∈ −1,1/3

1−𝐹𝐹∗ 3,𝜌𝜌
1−3𝜌𝜌

> 0.498. By linearity of expectation, 

𝔼𝔼𝒁𝒁 �
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣 ≥ 𝛼𝛼GP ⋅ �

𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4 1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣 = 𝛼𝛼GP ⋅ SDPQMC 𝐺𝐺 > 0.498 ⋅ QMC 𝐺𝐺
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QMCPROD 𝐺𝐺 = max
𝑓𝑓:𝑉𝑉→𝑆𝑆2

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 𝑓𝑓 𝑢𝑢 , 𝑓𝑓 𝑣𝑣

SDPQMC 𝐺𝐺 = max
𝑓𝑓SDP:𝑉𝑉→𝑆𝑆𝑛𝑛−1

�
𝑢𝑢,𝑣𝑣 ∈𝐸𝐸

1
4

1 − 3 𝑓𝑓SDP 𝑢𝑢 , 𝑓𝑓SDP 𝑣𝑣

(1) Compute an optimal 𝑓𝑓SDP and 

(2) Apply the projection rounding (sample a matirx 𝒁𝒁~𝑁𝑁 0,1 3×𝑚𝑚 and ∀𝑢𝑢 ∈ 𝑉𝑉, 𝑓𝑓 𝑢𝑢 = 𝒁𝒁𝑓𝑓SDP 𝑢𝑢
𝒁𝒁𝑓𝑓SDP 𝑢𝑢

)

Gharibian and Parekh (2019) showed

”the above alg. outputs a product state whose value is at least 𝛼𝛼GP ⋅ SDPQMC 𝐺𝐺 .”

Parekh and Thompson (2022) gives a 0.5-approx. alg. that outputs a product state

that uses 2nd level of the quantum Lasserre hierarchy for 𝐻𝐻𝐺𝐺.

Quantum Max-Cut algorithm
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Hardness of Quantum Max-Cut
Hwang et al. (2023) 
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Hardness related to Max-Cut

The 𝛼𝛼GW-approx. alg. of Goemans and Williamson (1995) for Max-Cut
• The basic SDP rounding alg.

• Feige and Schechtman (2002) showed the integrality gap of this SDP is 𝛼𝛼GW
• It is an optimal basic SDP rounding alg.!

• Khot et al. (2007) showed it is optimal unless P=NP assuming UGC

• It is an optimal alg.!

• In particular, strengthening SDP does not improve the approx. ratio.

Raghavendra (2008) showed
“Assuming UGC, for each CSP, the “canonical alg.” based on the “basic” SDP is optimal unless P=NP.”
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Hardness related to Quantum Max-Cut

The 𝛼𝛼GP-approx. alg. of Gharibian and Parekh (2019) for Quantum Max-Cut
• The (basic SDP rounding) + (product ansatz) alg.

• Hwang et al. (2023) showed the integrality gap of this SDP is 𝛼𝛼GP assuming ★

• It is an optimal among all (basic SDP rounding) + (any ansatz) alg.!

• Strengthening SDP strictly improves the approx. ratio. (Anshu, Gosset and Morenz, 2020)

• Even when restricted to using the product state (Parekh and Thompson (2022)) assuming ★

• Opposite to CSP where basic SDP is always optimal under UGC

• Hwang et al. (2023) showed NP-hard to do better than 𝛼𝛼BOV(3) assuming ★ and UGC

• Current best known is 0.584-approx. alg. by Lee (2024)

★ vector-valued Borell’s inequality
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Borell’s inequality

Showing the integrality gap of SDPMC ⋅ is 𝛼𝛼GW
- Construct a graph 𝐺𝐺∗ such that

1. The hyperplane rounding outputs exactly 𝛼𝛼GW ⋅ SDPMC 𝐺𝐺∗ .

2. The hyperplane rounding is optimal, i.e., it outputs MC 𝐺𝐺∗ .

inf
∀𝐺𝐺

MC 𝐺𝐺
SDPMC 𝐺𝐺 ≤

MC 𝐺𝐺∗

SDPMC 𝐺𝐺∗ =
𝛼𝛼GW ⋅ SDPMC 𝐺𝐺∗

SDPMC 𝐺𝐺∗ = 𝛼𝛼GW

proof of step 2) 
Recall the hyperplane rounding returns 1

2
1 − 𝔼𝔼 𝒓𝒓∗ 𝑓𝑓SDP 𝑢𝑢 ⋅ 𝒓𝒓∗ 𝑓𝑓SDP 𝑣𝑣 where 𝒓𝒓∗ 𝑓𝑓SDP ⋅ = 𝒛𝒛𝑓𝑓SDP ⋅

𝒛𝒛𝑓𝑓SDP ⋅
.

Given an optimal SDP soln 𝑓𝑓SDP for SDPQM𝐶𝐶 𝐺𝐺∗ , Borell’s (isoperimetric) inequality gives 

𝔼𝔼 𝒓𝒓∗ 𝑓𝑓SDP 𝑢𝑢 ⋅ 𝒓𝒓∗ 𝑓𝑓SDP 𝑣𝑣 ≤ 𝔼𝔼 𝒓𝒓 𝑓𝑓SDP 𝑢𝑢 ⋅ 𝒓𝒓 𝑓𝑓SDP 𝑣𝑣

for any rounding 𝒓𝒓:ℝ𝑚𝑚 → ±1 .

Presented by Changyeol Lee 45



Borell’s inequality

Showing the integrality gap of SDPQMC ⋅ is 𝛼𝛼GP
- Construct a graph 𝐺𝐺∗ such that

1. The (projection rounding) + (product ansatz) outputs exactly 𝛼𝛼GP ⋅ SDPQMC 𝐺𝐺∗ .

2. The (projection rounding) + (product ansatz) is optimal, i.e., it outputs QMC 𝐺𝐺∗ .

proof of step 2) 
Recall the (projection rounding) + (product ansatz) 𝒓𝒓∗:ℝ𝑚𝑚 → 𝑆𝑆2 returns 1

4
1 − 𝔼𝔼 𝒓𝒓∗ 𝑓𝑓SDP 𝑢𝑢 ⋅ 𝒓𝒓∗ 𝑓𝑓SDP 𝑣𝑣 .

Given an optimal SDP soln 𝑓𝑓SDP for SDPQM𝐶𝐶 𝐺𝐺∗ , vector-valued Borell’s inequality gives 

𝔼𝔼 𝒓𝒓∗ 𝑓𝑓SDP 𝑢𝑢 ⋅ 𝒓𝒓∗ 𝑓𝑓SDP 𝑣𝑣 ≤ 𝔼𝔼 𝒓𝒓 𝑓𝑓SDP 𝑢𝑢 ⋅ 𝒓𝒓 𝑓𝑓SDP 𝑣𝑣

for (any rounding) + (product ansatz) 𝒓𝒓:ℝ𝑚𝑚 → 𝑆𝑆2.

Brandão and Harrow (2016) showed that the product state is (roughly) identical to an optimal state of high-
degree graph and 𝐺𝐺∗ is a high-degree graph. 
→ For 𝐺𝐺∗, (projection rounding) + (product ansatz) is optimal among (any rounding) + (any ansatz).
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Takeaway
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Takeaway

Basics
• 𝜓𝜓 𝜓𝜓 = 𝑡𝑡𝑡𝑡 𝜓𝜓 𝜓𝜓 = 1

• 𝜓𝜓 𝜓𝜓 is called density matrix of 𝜓𝜓
• 1-qubit 𝜓𝜓 → Bloch vector 𝑐𝑐𝑋𝑋, 𝑐𝑐𝑌𝑌, 𝑐𝑐𝑍𝑍 ∈ 𝑆𝑆2

Hamiltonian problem
• the term itself; quantum analogue of CSP

• eigenvalue of 𝜓𝜓 = 𝜓𝜓 𝐻𝐻 𝜓𝜓 = 𝑡𝑡𝑡𝑡 𝐻𝐻 𝜓𝜓 𝜓𝜓

• Ansatz. For quantum problem, we can design a classical algorithm that outputs a description of the state.

Quantum Max-Cut
• can design basic SDP and apply standard rounding technique as in classical Max-Cut

• strengthening SDP does help compared to classical world where basic SDP is optimal for all CSP
• even when using product state ansatz (assuming ★)

And there are many open questions! (e.g., second level SDP is optimal?)

Presented by Changyeol Lee 48



Thank you.

Presented by Changyeol Lee 49


	Quantum Max-Cut
	Quantum Basics 
	슬라이드 번호 3
	슬라이드 번호 4
	슬라이드 번호 5
	Background and Motivation
	슬라이드 번호 7
	슬라이드 번호 8
	슬라이드 번호 9
	슬라이드 번호 10
	슬라이드 번호 11
	슬라이드 번호 12
	슬라이드 번호 13
	슬라이드 번호 14
	슬라이드 번호 15
	슬라이드 번호 16
	슬라이드 번호 17
	Max-Cut Algorithm
	슬라이드 번호 19
	슬라이드 번호 20
	슬라이드 번호 21
	Quantum Max-Cut Algorithm
	슬라이드 번호 23
	슬라이드 번호 24
	슬라이드 번호 25
	슬라이드 번호 26
	슬라이드 번호 27
	슬라이드 번호 28
	슬라이드 번호 29
	슬라이드 번호 30
	슬라이드 번호 31
	슬라이드 번호 32
	슬라이드 번호 33
	슬라이드 번호 34
	슬라이드 번호 35
	슬라이드 번호 36
	슬라이드 번호 37
	슬라이드 번호 38
	슬라이드 번호 39
	슬라이드 번호 40
	슬라이드 번호 41
	Hardness of Quantum Max-Cut
	슬라이드 번호 43
	슬라이드 번호 44
	슬라이드 번호 45
	슬라이드 번호 46
	Takeaway
	슬라이드 번호 48
	Thank you.

